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Abstract 

We consider complex Fermi curves of electric and magnetic periodic fields. These are 
analytic curves in C^ that arise from the study of the eigenvalue problem for periodic 
Schrodinger operators. We characterize a certain class of these curves in the region of 
where at least one of the coordinates has "large" imaginary part. The new results in 
this work extend previous results in the absence of magnetic field to the case of "small" 
magnetic field. Our theorems can be used to show that generically these Fermi curves 
belong to a class of Riemann surfaces of infinite genus. 

1 Introduction 

In [1] , the authors introduced a class of Riemann surfaces of infinite genus that are "asymptotic 
to" a finite number of complex lines joined by infinite many handles. These surfaces are 
constructed by pasting together a compact submanifold of finite genus, plane domains, and 
handles. All these components satisfy a number of geometric/analytic hypotheses stated 
in [1] that specify the asymptotic holomorphic structure of the surface. The class of surfaces 
obtained in this way yields an extension of the classical theory of compact Riemann surfaces 
that has analogues of many theorems of the classical theory. It was proven in [1] that this 
new class includes quite general hyperelliptic surfaces, heat curves (which are spectral curves 
associated to a certain "heat-equation"), and Fermi curves with zero magnetic potential. 
In order to verify the geometric/analytic hypotheses for the latter the authors proved two 
"asymptotic" theorems similar to the ones we prove below. This is the main step needed to 
verify these hypotheses. In this work we extend their results to Fermi curves with "small" 
magnetic potential. 

There are two immediate applications of our results. First, as we have already mentioned, 
one can use our theorems for verifying the geometric/analytic hypotheses of [1] for Fermi 
curves with small magnetic potential. This would show that these curves belong to the class 
of Riemann surfaces mentioned above. Secondly, one can prove that a class of these curves 



1 



are irreducible (in the usual algebraic-geometrical sense). Both these applications were done 
in [1] for Fermi curves with zero magnetic potential. 

Complex Fermi curves (and other similar spectral curves) have been studied, in different 
perspectives, in the absence of magnetic field [1, 2, 3, 4, 5], and in the presence of magnetic 
field [6]. Some results on the real Fermi curve in the high-energy region were obtained in [7]. 
There one also finds a short description of the existing results on periodic magnetic Schrodinger 
operators. An even more general review is presented in [8]. To our knowledge our work 
provides new results on complex Fermi curves with magnetic field. At this moment we are 
only able to handle the case of "small" magnetic potential. The asymptotic characterization 
of Fermi curves with arbitrarily large magnetic potential remains as an open problem. In 
order to prove our theorems we follow the same strategy as [1]. The presence of magnetic 
field makes the analysis considerably harder and requires new estimates. As it was pointed 
out in [7, 8], the study of an operator with magnetic potential is essentially more complicated 
than the study of the operator with just an electric potential. This seems to be the case in 
this problem as well. 

Before we outline our results let us introduce some definitions. Let F be a lattice in 
and let Ai, A2 and V be real- valued functions in L^(]R,^) that are periodic with respect to F. 
Set A ■— (^1,^2) and define the operator 

H{A, V) := (iV + Af + V 

acting on L^(]R^), where V is the gradient operator in R^. For A; G R^ consider the following 
eigenvalue-eigenvector problem in L^(R^) with boundary conditions, 

HiA,V)ip = Xip, 
(p{x + 7) = e''^'^(p{x) 

for all X G R^ and all 7 G F. Under suitable hypotheses on the potentials A and V this problem 
is self-adjoint and its spectrum is discrete. It consists of a sequence of real eigenvalues 

Ei{k,A,V) < E2ik,A,V) < ■■■< Er,{k,A,V) < ■■■ 

For each integer n > 1 the eigenvalue En{k, A,V) defines a continuous function of k. From 
the above boundary condition it is easy to see that this function is periodic with respect to 
the dual lattice 

F# := {6 e R2 I 6 • 7 G 27rZ for all 7 G F}, 

where 6 • 7 is the usual scalar product on R^. It is customary to refer to k as the crystal 
momentum and to En{k, A,V) as the n-th band function. The corresponding normalized 
eigenfunctions ifn,k are called Bloch eigenfunctions. 

The operator H{A, V) (and its three-dimensional counterpart) is important in solid state 
physics. It is the Hamiltonian of a single electron under the influence of magnetic field with 
vector potential A, and electric field with scalar potential V, in the independent electron 
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model of a two-dimensional solid [9]. The classical framework for studying the spectrum of 
a differential operator with periodic coefficients is the Floquet (or Bloch) theory [9, 10, 11]. 
Roughly speaking, the main idea of this theory is to "decompose" the original eigenvalue 
problem, which usually has continuous spectrum, into a family of boundary value problems, 
each one having discrete spectrum. In our context this leads to decomposing the problem 
H{A, V)if = X(p (without boundary conditions) into the above A;-family of boundary value 
problems. 

Let C/fc be the unitary transformation on L^(IR^) that acts as 

Uk : <p{x) ^ e^^^'Xx). 

By applying this transformation we can rewrite the above problem and put the boundary 
conditions into the operator. Indeed, if we define 

Hk{A, V) := U^' H{A, V) Uu and V := C^fc" V, 

then the above problem is unitarily equivalent to 

Hk{A, V)i) = AV' for G L^{R^/T). 

Furthermore, a simple (formal) calculation shows that 

Hk(yA,V) = {iV + A-kf + V. 

The real "lifted" Fermi curve of {A, V) with energy A G E, is defined as 

FxA^^ y) ■■= {A; G R2 I {Hk{A, V) - A)(^ = for some ^ G Vn^^Ay) \ {0}}, 

where C L^(IIl^/r) denotes the (dense) domain of Hk{A,V). The adjective "lifted" 

indicates that Fx;^{A,V) is a subset of rather than IR^/r#. As we may replace V by 
y — A, we only discuss the case A = and write J^Wi{A, V) in place of Fq^^{A, V) to simplify 
the notation. Let |r| := Jj^j/p <^a^ and ^(0) := \V\~^ j^^j^ ■^{^) ^x. Since H^^A^V) is equal 
to Hy,_^^^-^{A — A{Q),V), if we perform the change of coordinates k ^ k + A(0) and redefine 
A — A{Q) ^ ^ we may assume, without loss of generality, that ^(0) = 0. The dual lattice F* 
acts on by translating ^ /c + & for & € F*. This action maps T-^{A, V) to itself because 
for each n > 1 the function k ^ E^ik, A, V) is periodic with respect to F#. In other words, 
the real lifted Fermi curve "is periodic" with respect to F#. Define 

Tn{A,V) ■.= AiA,V)/r*. 

We call J^u(A, V) the real Fermi curve of (A, V). It is a curve in the torus RVr#. 

The above definitions and the real Fermi curve have physical meaning. It is useful and 
interesting, however, to study the "complexification" of these curves. Knowledge about the 
complexified curves may provide information about the real counterparts. For complex-valued 
functions Ai, A2 and V in L^{1R?) and for A; G the above problem is no longer self-adjoint. 
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Its spectrum, however, remains discrete. It is a sequence of eigenvalues in the complex plane. 
Prom the boundary condition in the original problem it is easy to see that the family of 
functions k i->- A, V) remains periodic with respect to r#. Moreover, the transformation 

Uh is no longer unitary but it is still bounded and invertible and it still preserves the spectrum, 
that is, we can still rewrite the original problem in the form Hk{A, = for G L^(Il^/r) 
without modifying the eigenvalues. Thus, it makes sense to define 

T{A, V) := {ke<D^\ Hk{A, V)ip = for some if G PH,(A,y) \ {0}}, 
J^iA,V) := TiA,V)/T*. 

We call J- {A, V) and J- (A, V) the complex "lifted" Fermi curve and the complex Fermi curve, 
respectively. When there is no risk of confusion we refer to cither simply as Fermi curve. 

We are now ready to outline our results. When A and V are zero the (free) Fermi curve 
can be found explicitly. It consists of two copies of C with the points —62 + ibi (in the first 
copy) and 62 + ibi (in the second copy) identified for all (61,62) € r# with 62 7^ 0. In this 
work we prove that in the region of where k e has "large" imaginary part the Fermi 
curve (for nonzero A and V) is "close to" the free Fermi curve. In a compact form, our main 
result (that will be stated precisely in Theorems 1 and 2) is essentially the following. 

Main result. Suppose that A and V have some regularity and assume that (in a suitable 
norm) A is smaller than a constant given by the parameters of the problem. Write k in 
as k = u -\- iv with u and v in and suppose that \v\ is larger than a constant given by the 
parameters of the problem. (Recall that the free Fermi curve is two copies of C with certain 
points in one copy identified with points in the other one.) Then, in this region of C^, the 
Fermi curve of A and V is very close to the free Fermi curve, except that instead of two planes 
we may have two deformed planes, and identifications between points can open up to handles 
that look like {(2:1,2:2) £ | Z1Z2 = constant} in suitable local coordinates. 

The proof of our results has basically three steps: 

• We first derive very detailed information about the free Fermi curve (which is explicitly 
known). Then, to compute the interacting Fermi curve we have to find the kernel of H 
in L'^{M?) with the above boundary conditions. 

• In the second step of the proof we derive a number of estimates for showing that this 
kernel has finite dimension for small A and A; G with large imaginary part. Our 
strategy here is similar to the Feshbach method in perturbation theory [12]. Indeed, we 
prove that in the complement of the kernel of H in L^(R^), after a suitable invertible 
change of variables in L^(1R,^), the operator H multiplied by the inverse of the operator 
that implements this change of variables is a compact perturbation of the identity that 
is invertible for such A and k. This reduces the problem of finding the kernel to finite 
dimension and thus we can write local defining equations for the Fermi curve. 
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• In the third step of the proof we use these equations to study the Fermi curve. A few 
more estimates and the imphcit function theorem gives us the deformed planes. The 
handles are obtained using a quantitative Morse lemma from [13] that is available in 
the Appendix A. 

Steps two and three contain most of the novelties in this work. The critical part of the 
proof is the second step. The main difficulty arises due to the presence of the term A - iV in 
the Hamiltonian H{A, V). When A is large, taking the imaginary part of A; G arbitrarily 
large is not enough to control this term — it is not enough to make its contribution small and 
hence have the interacting Fermi curve as a perturbation of the free Fermi curve. (The term 
V in H{A, V) is easily controlled by this method.) However, the proof can be implemented 
by assuming that A is small. 

This work is organized as follows. In §2 we collect some properties of the free Fermi curve 
and in §3 we define e-tubes about it. In §4 we state our main results and in §5 we describe the 
general strategy of analysis used to prove them. Subsequently, we implement this strategy 
by proving a number of lemmas and propositions in §6 to §10, which we put together later in 
§11 and §12 to prove our main theorems. The proof of the estimates of §9 and §10 are left to 
the Appendices B and C. 

Acknowledgments. I would like to thank Professor Joel Feldman for suggesting this 
problem and for the many discussions I have had with him. I am also grateful to Alessandro 
Michelangeli for useful comments about the manuscript. This work is part of the author's 
Ph.D. thesis [13] defended at the University of British Columbia in Vancouver, Canada. 

2 The free Fermi curve 

When the potentials A and V are zero the curve T{A, V) can be found explicitly. In this 
section we collect some properties of this curve. For i/ G {1, 2} and 6 G F* set 





= {h + h)+i{-l) 


'{k2 + b2 




= {keC^\ Nb,u{k) 


= 0}, 


N,{k) 


= Nb,i{k)Nb,2{k), 




ATb 


= Mi{b)uM2{b), 






= ^((-l)"&2+^&l). 





Observe that My{b) is a line in C^. The free lifted Fermi curve is an union of these lines. Here 
is the precise statement. 

Proposition 1 (The free Fermi curve). The curve J^(0,0) is the locally finite union 

U U ^^^^)- 

ber* i/e{i,2} 

In particular, the curve 0) is a complex analytic curve in 
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The proof of this proposition is straightforward. It can be found in [13]. Here we only 
give its first part. 

Proof of Proposition 1 (first part). For all /c G the functions {e*'^ | h G F'^} form a 
complete set of eigenfunctions for //^(0, 0) in L^(R^/F) satisfying 

iJfe(0, 0)e*^ = [iV - A:)2e*^ = (6 + A;)2e*^ = Nb{k)e'^-''. 

Hence, 

^(0, 0) = {A; G I Nb{k) = for some b e T*} = [j Xi, = [j \J M^{h). 

6er# 6er# i/e{i,2} 

This is the desired expression for J"(0, 0). □ 




k2 



Figure 1: Sketch of J^(0, 0) and J^(0, 0) when both ik\ and k2 are real. 

The lines Nu{b) have the following properties (see [13] for a proof). 
Proposition 2 (Properties of A/';/(6)). Let v G {1,2} and let b,c,d e F*. T/jen; 

(a) Af^ib) n AA^(c) = i/ 6 / c ; 

(b) dist(AC(6),AA,(c)) = ^|6-c|; 

(c) Afi{b)nAf2{c) = {{ieiic) + ie2{b), ^i(c) - ^2(6))}; 

(d) the map k^ k + d maps Mu{h) to Mu{h — d); 

(e) the map k^ k + d maps Mi{b) n A/'2(c) to Mi{b - d) r\M2{c - d). 
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Let us briefly describe what the free Fermi curve looks like. In the Figure 1 there is a 
sketch of the set of (fei, ^2) G -^(0, 0) for which both iki and k2 are real, for the case where 
the lattice r# has points over the coordinate axes, that is, it has points of the form (61, 0) 
and (0,62)- Observe that, in particular. Proposition 2 yields 

j\fi{o)nAf2{b) = {{iei{b),9i{b))}, 
Afi{-b) nAf2{o) = {{ie2{-b),e2{b))}, 

the map k^k + b maps MiifS) n A/'2(6) to Mi{-b) n A/'2(0). 

Recall that points in J^(0, 0) that differ by elements of r# correspond to the same point in 

J-"(0, 0). Thus, in the sketch on the left, wc should identify the lines ^2 = —62/2 and ^2 = 62/2 
for all b € F'^ with 62 7^ 0, to get a pair of helices climbing up the outside of a cylinder, as 
illustrated by the figure on the right. The helices intersect each other twice on each cycle of 
the cylinder — once on the front half of the cylinder and once on the back half. Hence, viewed 
as a "manifold" (with singularities), the pair of helices are just two copies of R with points 
that corresponds to intersections identified. We can use ^2 as a coordinate in each copy of 
R and then the pairs of identified points are k2 = 62/2 and /c2 = —62/2 for all 6 G F* with 
62 7^ 0. So far we have only considered k2 real. The full 7^(0, 0) is just two copies of C with 
^2 as a coordinate in each copy, provided we identify the points 6i{b) = ^(—^2 + ^^i) (in the 
first copy) and 92{b) = 5(62 + ib\) (in the second copy) for all 6 G F# with 62 / 0. 

3 The £- tubes about the free Fermi curve 

We now introduce real and imaginary coordinates in and define £-tubes about the free 
Fermi curve. We derive some properties of the e-tubes as well. For A; G write 

ki = ui + ivi and k2 = U2 + iv2, 

where ui, U2, vi and V2 are real numbers. Then, 

Nb,u{k) = {ki + bi) + i{-ink2 + b2) 

= i{vi + {-inU2 + 62)) - (-1)^(^2 - {-lYiui + 61)), 

so that 

|iV;.,,(A:)| = |^; + (-l)''(n + 6)^|, 
where (^1,^2)"^ := (^2, -yi)- Since N,,{k) = Nb,i{k)N,,^2ik), we have Nb{k) = if and only if 

V- (u + b)-^ =0 or v + {u + b)-^ = 0. 

Let 2 A be the length of the shortest nonzero "vector" in F*. Then there is at most one b G 
with \v + {u + 6)-*- 1 < A and at most one 6 G F# with \v — {u + b)^\ < A (see [13] for a proof). 
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Let e be a constant satisfying < e < A/6. For u G {1,2} and h G F* define the e-tube 
about Nv{b) as 

r,(6) := {A; G C2 | \N,,^^{k)\ = \v + {-If {u + h)^\ < e], 
and the e-tube about Mb = A/i(6) U A/2 (6) as 

n:=Ti{b)UT2{b). 

Since {v + {u + b)^) + (v—{u + b)-^) = 2v, at least one of the factors jt; + (n + 6)-'-| or \v — {u + b)-^\ 
in \Ni){k)\ must always be greater or equal to \v\. li k ^ both factors are also greater or 
equal to e. If G Tj, one factor is bounded by £ and the other must lie within £ of |2i;|. Thus, 

k^n ^ \Nk{k)\ > e\v\, (1) 
keTb =^ \Nb{k)\<e{2\v\+e). (2) 

Finally, denote by Tj, the closure of Tj,. The intersection Tj, fl Tj,i is compact whenever b ^b', 
and T(, fl T^/ fl T^" is empty for all distinct elements b, 6', b" G F# (see [13] for details). 

If a point k belongs to the free Fermi curve the function Nii{k) vanishes for some b G F#. 
We now give a lower bound for this function when (6, k) is not in the zero set. 

Proposition 3 (Lower bound for \Nij{k)\). 

(a) If\b + u + v-^\>A and \b + u-v-^\> A, then \Nb{k)\ > ^{\v\ + \u + b\). 

(b) // > 2A and k G Tq, then \Nhik)\ > ^{\v\ + \u + b\) for all b ^ but at most one 
b ^ 0. This exceptional b obeys \b\ > \v\ and \ \u + b\ — \v\ \ < A. 

(c) If\v\ >2A andkeToHTd withdj^O, then\Nb{k)\ > ^{\v\ + \u + b\) for all b ^ {0,d}. 
Furthermore we have \d\ > \v\ and \ \u + d\ — \v\ \ < A. 

Proof, (a) By hypothesis, both factors in \Ni,{k)\ = \v + {u + b)-^\ \v — {u + b)^\ are greater 
or equal to A. We now prove that at least one of the factors must also be greater or equal to 
^{\v\ + |n + b\). Suppose that \v\ > \u + b\. Then, since {v + [u + b)^) + (v — {u + b)-^) = 2v, 
at least one of the factors must also be greater or equal to \v\ = ^{\v\ + \v\) > ^{\v\ + \u + b\). 
Now suppose that |f | < \u + b\. Then similarly we prove that |ti + 6| > ^{\v\ + \u + b\). All 
this together implies that \Nb{k)\ > ^{\v\ + |n + b\), which proves part (a), 
(b) By hypothesis e < A/6 < Let G Tq. Then, by (2), 

WQik)\ < e{2\v\+e) < 3e\v\ < ^\v\. (3) 

Thus we have either |n + v-*"! < A or |n — v-*"! < A (otherwise apply part (a) to get a 
contradiction). Suppose that + < A. Then there is no 6 G F#\{0} with |6+-u + ?;-'-| < A 
and there is at most one b G F* \ {0} satisfying \b + u — v-^\ < A. This inequality implies 
I |u + 6| — I < A. Furthermore, for this b, 

\b\ = \2v-^ -{u + v-^) + {b + u-v-^)\> 2\v\ - 2A > 
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since — 2A > —\v\. Now suppose that \u — < A. Then similarly we prove that |6| > \v\. 
Finally observe that, if 6 {0,6} then |6 + m + v"'"| > A and \b + u — v-^\ > A. Hence, applying 
part (a) it follows that |iV(,(A;)| > ^(I'^l + I"" + b\)- This proves part (b). 

(c) As in the proof of part (b), if A; G Tonr^ then in addition to (3) we have \N(i{k)\ < ^\v\. 
Thus, applying part (b) we conclude that d must be the exceptional b of part (b). The 
statement of part (c) follows then from part (b) . This completes the proof. □ 



4 Main results 

The Riemann surfaces introduced in [1] can be decomposed into 

where X'^"™ is a compact submanifold with smooth boundary and finite genus, X^^^ is a 
finite union of open "regular pieces", and X^^^ is an infinite union of closed "handles". 
All these components satisfy a number of geometric/analytic hypotheses stated in [1] that 
specify the asymptotic holomorphic structure of the surface. Below we state two "asymptotic" 
theorems that essentially characterize the X'-'^^ and X^'^^ components of Fermi curves with 
small magnetic potential. Before we move to the theorems let us introduce some definitions. 
For any ip G L'^(R'^/T) define <^ : F* ^ C as 



m ■■= i^^m •■=T^ [ ^{x) e-'"-^ dx, 



/R2/r 

where |F| := J^2/i-dx. Then, 

^{x) = {T-'0){x) = J2 me''-'', 
ber* 

IIV'llL2(R2/r) = |r|^''^||(^||/2(p#). 

Recall that k = u + iv with u,v gM,'^, let p be a positive constant, and set 

JCp := {A; G I \v\ < p}. 

Finally, consider the projection 

: ^ C, 
{ki,k2) I — > k2, 



and define 



q := (zV ■A)+A^ + V. 



It is easy to construct a holomorphic map E : J^{A,V) J^(A,V) [13]. The precise 
form of this map is irrelevant here. For our purposes it is enough to think of it simply as a 
"projection" (or "exponential map"). 



9 



We are ready to state our results. Clearly, the set /Cp is invariant under the action of 
and /Cp/r# is compact. Hence, the image of J^{A, V) D ICp under the holomorphic map E is 
compact in T{A, V). This image set will essentially play the role of X^°^ in the decomposition 
of T{A, V). Our first theorem characterizes the regular piece X^^^ of T{A, V). 

Theorem 1 (The regular piece). Let < e < A/6 and suppose that Ai, Ai and V are func- 
tions in L2(E^/r) with ||&^g(&)|bi(r#) < oo and ||(1 + &^)^(?')|bi(r#\{o}) < 2£/63. Then there 
is a constant p = p\,e,q,A such that, for v G {1,2}, the projection pr induces a biholomorphic 
map between 



j^(Ai^)nr,(o)) \ j/CpU J tA 

\ ber*\{0} J 



and its image in C. This image component contains 

{z G C 8\z\ > p and \z + {-1^6^(6)1 > e for all ber*\ {0}} 



and is contained in 



\z + {-ire,ib)\ > - e 



1 / 



^) forallber#\{0}^, 



2 V 40A. 
where Oi,{b) = ^((—1)^62 + ib\). Furthermore, 

pr"^ : Image(pr) — > 71^(0), 

where P^'^^ is a constant given by (24) that depends only on p and A, 

where C = C^^^^q^A is a constant. 

Now observe that, since T^+c = T^+c for all 6, c G T*, the complement of i?(j^(A, V)n}Cp) 
in J^{A, V) is the disjoint union of 



E(^{T{A,V)nn)\(KpU (j n^j 



ber# 
62^0 



and 

U E{^iA,V)nTonTb). 



ber# 



Basically, the first of the two sets will be the regular piece of J-'(A, V), while the second set 
will be the handles. The map $ parametrizing the regular part will be the composition of the 
map E with the inverse of the map discussed in the above theorem. The detailed information 
about the handles X^^"" in T{A, V) comes from our second main theorem. 
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Theorem 2 (The handles). Let < e < A/6 and suppose that Ai, A2 and V are functions 
in L2(]R2/r) with ||6^g(6)|bi(r#) < 00 and ||(1 + 6^)1(6) ||;i(r#\|o}) < 2e/63. Then, for every 
sufficiently large constant p and for every der#\ {0} with 2\d\> p, there are maps 

(t>d,i ■■ {{zi,Z2) G C2 I < I and \z2\ < |} ^ ri(0) flTsld), 
(l>d,2 : [{zi,Z2)e€^\ kil < I and |Z2| <£} ^ri(-d)nr2(0), 

and a complex number td with \td\< such that: 

(i) For V G {1,2} the domain of the map (f)(i^i, is biholomorphic to its image, and the image 
contains 

{^gC^I |A;i+i(-l)'^fc2| < I and \h + {-ly+^di - i{-l)''{k2 + {-iy+'d2)\ < 
Furthermore, 



D^d,u 



I + O 



1 

1^ 



and 



2 \^-i(-l)'^ i{-lY 

, ,(0) = {iOM, i-^r^'oM)) + O (^) + O Q 



(ii) 



^dliTm^^T2{d)^F{A,V)) = [{zi,Z2) G C 

(/.-j(Ti(-d) nr2(0) n^(AF)) = {(^1,^2) g c' 



II £ III ^1 

Z1Z2 = td, \zi\ < - and \Z2\ < - J, 

II £ III ^1 

ziZ2=td, Pi| < 2 '"^^l - 2 J ■ 



(iii) 



k,l{zi,Z2) = <t>d,2{z2,Zi) - d. 



These are the main results in this paper. In the next section we outline the strategy for 
proving them. The proofs are presented in the subsequent sections divided in many steps. 



5 Strategy outline 

Below wc briefly describe the general strategy of analysis used to prove our results. We first 
introduce some notation and definitions. Observe that 

Hk{A, V)ip = {{iV + A-kf + V)^ 

= ((zV - kf + 2A ■ (zV -k) + (zV ■ A) + A"^ + V)ip, 

and write 

Hk{A, V) = Ak + hik, A) + q{A, V) 
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with 

Afe := (iV - kf, h{k, A) := 2A ■ (iV - A;) and q{A, V) := {iV ■A) + A^ + V. 
For each finite subset G of r# set 

G' := r# \ G and C| := \ (J Mb, 

beG' 



L% := span{e*''-^ \ b e G} and Lg,, := span{e*''-^ | b G G'}. 

To simpHfy the notation write in place of L^(]R,^/r). Let I be the identity operator on 
L^, and let ttg and ttc be the orthogonal projections from onto and Lq,, respectively. 
Then, 

n 9 2 

L = Lq © Lq/ and I = ttg + t^g' ■ 
For A; G Cg. define the partial inverse (A/j)^^ on as 

{Ak)G^ := ttg + A-Vg'. 

Its matrix elements are 



((^fe)G^)6,c \ |p|l/2 ' (^'=)g^ |p|1/2 



L2 



if c G G, 



where b,c eV^. 

Here is the main idea. By definition, a point A; is in T{A, V) if Hk{A, V) has a nontrivial 
kernel in L^. Hence, to study the part of the curve in the intersection of Ud'eoTd' with 
\ Ufj^G'Tb for some finite subset G of r#, it is natural to look for a nontrivial solution of 

{Ak + h + q)i'iPG + i^G') =0, 

where V'G € Lq and V'G' € -L^, . Equivalently, if we make the following (invertible) change of 
variables in L^, 

i^G + IpG') = (Afc)G^('^G + 'PG'), 
where ipG G Lq and ipQi G Lq,, we may consider the equation 

(Afe + /t + q)ipQ + il + {h + q)A-^)ipG' = 0. (4) 

The projections of this equation onto Lq, and Lq are, respectively, 

TTQ'ih + q)ipG + TTQ>{I +{h + q)A-^)ipQ, = 0, (5) 
7rG(Afe + h + q)ipG + TTGih + g)A- Vg' = 0. (6) 

Now define Rg'G' on L^ as 

Rqiqi ■- iTGi{I + {h + q)A7^)iTGi. 
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Observe that Rg'G' is the zero operator on Lq. Then, if Rg'G' has a bounded inverse on L^,, 
the equation (5) is equivalent to 

ipG' = -RQ}Q,TTG'{h + q)ipG. 

Substituting this into (6) yields 

7rG(Afe + h + q-{h + q)A-^R-^}Q,TrG'{h + q))ipG = 0. 
This equation has a nontrivial solution if and only if the (finite) |G| x |G| determinant 

det [7rG(Afe + h + q-{h + q)A-^R^}Q,TrG'ih + q))TTG ] = 
or, equivalently, expressing all operators as matrices in the basis {|r|~^/^ e'^'^ | h G T*}, 



det 



Nd'{k)5d',d" + Wd',d" - V Z'^(t^ i^G^G'\cWc,d" 

b,ceG' ^^''^"^ 



= 0, (7) 

d',d"eG 



where 

Wb,c ■= hb,c + q{b - c) = -2(c + A;) • A{b - c) + q{b - c). 

Therefore, if Rg'G' has a bounded inverse on Lq, — which is in fact the case under suitable 
conditions — in the region under consideration we can study the Fermi curve in detail using 
the (local) defining equation (7). 



6 Invertibility of Re 



G' 



The following notation will be used whenever we consider vector-valued quantities. Let X be 
a Banach space and let A,B eX"^, where A = (Ai, A2) and B = {Bi,B2). Then, 



X 



:=(Pi||2. + p2||^)^/2 and A ■ B := AiB^ + A2B2. 



Furthermore, we will denote by || • || the operator norm on L^(IR^/r). 

In general, for any C C (C such that A^^ttc exists) define the operator Rbc as 

Rbc ■=TrB{I + {h + q)A-^)TrG 

= TTBTTc + TTB g A^^TTc + 7rB(2A • zV)A^^7rc - 7rB(2A; • A)A'j^^Trc. (8) 

Its matrix elements are 

{RBG\c = Sb,c+^^ J^j^^ (9) 

where b £ B and c £ C. We first estimate the norm of the last three terms on the right hand 
side of (8). We begin with the following proposition. 
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Proposition 4. Let k e and let B, C C T* with C C {6 G r# | Nb{k) / 0}. Then, 

1 



ItTb^A. ^TTcll < sup- 



||7rB(/c • ^)A-^7rc|| < ||i|bi sup ■ ^ 



cec \Nc{k)\- 

To prove this proposition we apply the following well-known inequality (see [13]). 
Proposition 5. Consider a linear operator T : — )• with matrix elements T^^c- Then, 



\T\\ < max 



{ sup yZ \Tb,c\, sup V \Th^c\ \ 



Proof of Proposition 4- We only prove the first inequality. The proof of the other ones is 
similar. Write T := TTsgA^^Trc. Then, in view of (8) and (9), 

E l^ib — C)| 1 II -Ml 

TbJ < supy——— < sup g ;i, 

cfcO'^g^ c&c^ \Ncik)\ c&c\Ncik)\ 

sup > T6,c < sup > -TT— TTTT ^ sup g ;l. 

bes^ ^-es^ \Nc{k)\ cgC \Nc{k)\ 

By Proposition 5, these estimates yield the desired inequality. □ 

The key estimate for the existence of Rq}qi is given below. 

Proposition 6 (Estimate of \\Rss — ^sID- Let G with \u\ < 2\v\ and \v\ > 2A. Suppose 
thatSc{beT*\ \Nb{k)\> e\v\}. Then, 

1 14 - 

\\Rss - TTsll < + —\\A\\ii. (10) 

e\v\ £ 

If A = 0, the right hand side of (10) can be made arbitrarily small for any V by taking \v\ 
sufficiently large (recall that q{0, V) = V). If vl / 0, however, we need to take ||vl||;i small to 
make that quantity less than 1. The term ^||74||;i in (10) comes from the estimate we have 
for Wttqi h A'^^ttgiW- 

Proof of Proposition 6. By hypothesis, for all b & S, 



\Nb{k)\ - e\v 

We now show that, for all 6 G 5, 



1^1 <1 (12) 



\Nb{k)\ - £- 
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First suppose that |6| < 4\v\. Then, 



\b\ ^ 4\v\ 



\Nb{k)\ - e\v\ £- 

Now suppose that |6| > 4|u|. Again, by hypothesis we have \u\ < 2\v\ and \v\ > 2A > e. 
Hence, 



Consequently, 



\v±{u + b)^\ > \b\ - \u\ - \v\ > \b\ - 3\v\ > \b\ - ^\b\ = i^. 



|6| \b\ ,,, 4 4 16 4 4 



|iVf,(A;)| \v + iu + b)^\\v-iu + b)^\-' '\b\\b\ \b\ - \v\ - e' 
This proves (12). 

The expression for Rss — t^s is given by (8). Observe that < \u\ + |f | < 3\v\. Then, 
applying Proposition 4 and using (11) and (12) we obtain 

11^55 - TTsll < {G\v\ \\A\\ii + \\q\\ii) sup — ^ + 2||i||,i sup ■ 



< {6\v\ \\Ay + ll^lbO^ + -jAy = uy^^ + 

This is the desired inequality. □ 

Prom the last proposition it follows easily that Rss has a bounded inverse for large \v\ 
and weak magnetic potential. 

Lemma 1 (Invertibility of Rss)- Let k G C^, 

|u|<2|v|, 1^1 > max|2A, , \\q\\ii < co and ||i||,i < 

Suppose that 5 C {6 G P* | \Niy{k)\ > £\v\]. Then the operator Rss has a hounded inverse 
with 

„ „^„ 1 uAu 14 17 

\\Rss - TTsll < Ikllii^ + < 

11^55-7^511 < 18||i?55-7r5||. 
Proof. Write Rss = tts + T with T = Rss — t^s- Then, by Proposition 6, 

\\T\\ = \\Rss - TTsW < ll^ll/i^ + ll^lbiy <^ + ^ = I^<l- 

Hence, the Neumann series for R^l = [tts + r)-i converges (and is a bounded operator). 
Purthermore, 

11^55 - ^s\\ = \\{7TS + T)-i - TTsll = Wins + T)-i - {tts + T)-\Trs + T)|| 
= Wins + T)-'T\\ < (1 - ||r||)-i||r|| < 18\\Rss - T^sl 

as was to be shown. □ 
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Lemma 1 says that if G is such that G' C {6 G r# | \Ni,{k)\ > £\v\} the operator Rg'G' 
has a bounded inverse on Lq, for \u\ < 2\v\, large \v\, and weak magnetic potential. We are 
now able to write local defining equations for T{A, V) under such conditions. 

7 Local defining equations 

In this section we derive local defining equations for the Fermi curve. We begin with a simple 
proposition. 

Proposition 7. Suppose either (i) or (ii) or (iii) where: 

(i) G = {0} and A; G Tq \ Uf,(,p#\{o}Tb; 

(ii) G = {0, d} and k e To n T^; 

(iii) G = andk eC^X Li,,^^#Tb. 

Then G' = T*\G = {ber* \ \Nb{k)\ > e\v\}. 

Proof. The proposition follows easily if we observe that G' = T'^\G and recall from (1) that 

k^Tb =^ \Nb{k)\ > e\v\. □ 

We now introduce some notation. Let H be a fundamental cell for r# C (see [9, p 310]). 
Then any vector u G can be written as n = ^ + u for some ^ G F* and u G Define 

a := sup{|u| I u G i? := max |a, 2A, -| , ICr := {k & G"^ \ \v\ < R}. 

We first show that in \ )Cr the Fermi curve is contained in the union of e-tubes about the 
free Fermi curve. 

Proposition 8 iJ^{A, V) \ ICr is contained in the union of e-tubes). 

TiA,v)\icRC (J n. 

ber# 

Proof. Without loss of generality wc may consider A: G with real part in B. We now prove 
that any point outside the region ICr and outside the union of e-tubes does not belong to 
T{A, V). Suppose that A; G \ {ICr U U^er* ^b) recall that k is in J- (A, V) if and only 
if (4) has a nontrivial solution. If we choose G = then G' = T"^ and this equation reads 

By Proposition 7(iii) we have G' = F# = {6 G F* | \Nb{k)\ > £\v\}. Furthermore, since u e B 
and \v\ > R> a, it follows that \u\ < a < \v\ < 2\v\. Consequently, the operator Rg'G' has 
a bounded inverse by Lemma 1. Thus, the only solution of the above equation is ipo' = 0. 
That is, there is no nontrivial solution of this equation and therefore k ^ J^{A, V). □ 
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We are left to study the Fermi curve inside the e-tubes. There are two types of regions to 
consider: intersections and non-intersections of tubes. To study non-intersections we choose 
G = {0} and consider the region {To\Ufj^Y'#\{o}'^b)\^R- For intersections we take G = {0, d} 
for some d G r# \ {0} and consider (Tq fl T^) \ Kr. Observe that, since the tubes have 
the following translational property, + c = T^+c for all 6, c G F*, and the curve F{A,V) 
is invariant under the action of F*, there is no loss of generality in considering only the two 
regions above. Any other part of the curve can be reached by translation. 

RecaU that G' = F# \ G and for d' , d" G G and i,j G {1, 2} set 

b,ceG' ^^^^"^^ 

C^ik; G) := -2Md' - d") + 2 '^'^ " ^ m^^'^ " ^^^^^'^^--^^-^^ " ''"^ 

+ 2 E ^^WT^^^O'G'kMc - d") - 2d" . i(c - d'% 
b,ceG' 

Ci'^"{k; G) ■= q{d' - d") - 2d" ■ A{d' - d") 

-2b- 



E '^''~'^~'L^^''~'\ ^-G^GM^ic - d") - 2d" . i(c - d")). 



b,ceG' 
Then, 

Dd',d"{k;G) ■— Wd',d" — E ]v'^(t) (^G^G')b,cWc,d" 

= Bf'fkl + Bifkl + {B(f + Bif)k^k2 + <^"fei + C^''"k2 + C^^". 
These functions have the following property. 

Proposition 9. For d',d" e G and i,j G {1,2}, the functions Bf'f, Cf'^" , C^'^" {and 
consequently Dd'^d") o.^^ analytic on {Tq \ U(,gr#\{o}^&) \ '^''^d (Tq n T^) \ ICr for G = {0} 
and G = {0,d}, respectively. 

Sketch of the proof. It suffices to show that Bfj^" , cf'^" and Cq'^" arc analytic functions. This 
property follows from the fact that all the scries involved in the definition of these functions 
are uniformly convergent sums of analytic functions. The argument is similar for all cases. 
See [13] for details. □ 

Using the above functions we can write (local) defining equations for the Fermi curve. 

Lemma 2 (Local defining equations for T{A, F)). 

(i) Let G = {0} and ke{To\ Ubgr#\{o}^b) \ ^R- Then k G TI^A, V) if and only if 

No{k) + Do,o{k) = 0. 
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(ii) Let G = {0, d] and ke{Ton Td) \ K,r. Then k G ^{A, V) if and only if 



{No{k) + Do,o{k)){Na{k) + Da,d{k)) - Do,d{k)Dd,o{k) = 0. 

Proof. We only prove part (i). The proof of part (ii) is similar. First, by Proposition 7(i) we 
have G' = T*\ {0} = {6 G r# | \Nb{k)\ > e\v\}. Furthermore, since G Tq, we have either 
\v — < e OT \v + < e. In either case this implies \u\ < £ + \v\ < 2A + < 2\v\. 
Hence, the operator Rg'G' has a bounded inverse by Lemma 1. Thus, in the region under 
consideration T{A^ V) is given by (7): 

= No{k) + Wo,o - V -^jl^iRG'G')b,cWc,0 = No{k) + Do,o(fc). 
b,ceG' ^^^^''> 

This is the desired expression. □ 

To study in detail the defining equations above we shall estimate the asymptotic behaviour 
of the functions Bf'j'^" , Cf'^", Cq'^" and D^'^d" for large \v\. (We sometimes refer to these 
functions as coefficients.) Since all these functions have a similar form it is convenient to 
prove these estimates in a general setting and specialize them later. This is the contents of §9 
and §10. We next introduce a change of variables in that will be useful for proving these 
bounds. 



8 Change of coordinates 

Define the (complementary) index as v' := u — ( — l)*^. Observe that v' = 2 \i u = 1, u' = \ 
\i V = 2, and ( — 1)*^ = — (— I)'' . The following change of coordinates in will be useful for 
our analysis. For u G {1,2} and d' , d" G G define the functions w^^d'^ ^y,d' : — > C as 

w^.4>(k) ■= ki + d[ + i{-iy{k2 + 4), 
z,,d'{k):=ki + d[-i{-ink2 + d'2). 

Observe that, the transformation (fci,/c2) ^ {wv,d' , Zy^d') is just a translation composed with 
a rotation. Furthermore, if A; G Ty{d') \/Cij then \wi,^d'{k)\ is "small" and |2;i/,ci'(fc)| is "large". 
Indeed, \wy^d'{k)\ = \Nd',v{k)\ < £ and |Zf/,d'(A;)| = \Nd>y{k)\ > \v\ > R. Define also 

-Jv — 4 1^11 -^22 +H-1J (-^12 +^21 ))> 

Li^" := -d[Bff - ^{-lrd',Bif - \{d', + i{-ir d!,){B(f + B^'f) 

M'^''^" := dfBf'f + d!iBif + d'^d'^{B(f + Bif) - d'^G^"" - d'^Cl'^" + G^^"" , 

where J^''^", K'^''^" , L^'^" and M'^'<^" are functions of A; G that also depend on the choice 
of G C r#. Using these functions we can express Nd'{k) + Dd'^d'{k) and Dd'^d"{k) as follows. 
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Proposition 10. Let v G {1,2} and let d',d" £ G. Then, 

AT _i_ n — Td'd',,2 I jd'd'2 , /i _i_ lk^d'd'\,„ ^ , fd'd',, , rd'd' , n/fd'd' 

+ L>d',d' — -Jy' ^U,d' + ^U,d' + (1 + )Wv,d'Zy^d' + Wy^d' + L^ Zy^d' + 

n — Td'd'\„2 , Td'd''2 , T^d'd'\„ ^ , rd'd'\„ , rd'd'' i M^'d" 

Furthermore, 



b,cGG' 



^„,^^^ ^ - .- ■ ■^<"' - (i;„'„,),,(M(-i)-) . i(c - d") 

-{l,i{-iy).A{d'-d"), 

+ ^(d' - d") + 2{d' - d") ■ A{d! - d"). 

Proof. To simplify the notation write w = Wy d' ^ z = z^, d' , Bij = Bff and Q = Cf'^". First 
observe that, in view of (14), 

Nd' = {kl + d[ + i{-iyik2 + d!^)){ki + d[ - i{-iy{k2 + 4)) = wz. 
Furthermore, 

kl = ^{w + z) - d'l, 
k2 = ^-^{w - z) - 4, 
kl = \{u? + z^) + Iwz - d[{w + z) + d'^, 
kl = -\{w^ + z^) + \wz + ii-iyd'^iw -z) + d'i, 
kik2 = '^{z^ - w^) - i(4 - i{-ird[)w - 1(4 + i{-ird[) + 44. 

Hence, 

Dd',d" = Biikl + B22kl + {Bi2 + B2i)kik2 + Ciki + C2/C2 + Co 

= 3(^11 - B22 - i{-lY{Bi2 + B2i))w^ + liBu - B22 + i(-l)'^(5i2 + B2i))z^ 
+ ( - d\Bii + i{-lYd'^B22 - i(4 - i(-l)"4)(^i2 + B21) + i(Ci - i{-lYC2))w 
+ ( - 4i?n + i(-l)'^4S22 - W2 + i(-l)"4)(^i2 + B21) + i(Ci + i(-l)^C2))^ 
+ 4^511 + 42^22 + 44(^12 + B21) - d[Ci - 4C2 + Co + i(Sii + B22)WZ 
= Jf/'w'' + 4''"z'' + K^'''"wz + lS''"w + '^'"z + M'^''^". 
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This proves the first claim. Consequently, 

Nd' + Da>,d' = 4"'^" + Jf^z"" + (1 + K'''<'')wz + L^l^ w + + M<^'<^', 

which proves the second claim. 

Now, again to simplify the notation write 

that is, to represent sums of this form suppress the summation and the other factors. Note 
that jg 7^ gj according to this notation. Then, substituting (13) into the definition of J^'^' 
we have 

= i(5n - S22 + i{-\r(B^2 + S21)) = -^1^1 + - i{-\r{A^A^ + A^A{) 
= {A, - + i{-irA2) = -((1, -^(-1)'^) • A) ((1, -^(-l)'^) ■ A) 

Similarly, substituting (13) into the definitions of K'^'^" , L'j^'^" and M'^''^" we derive the other 
expressions. □ 



9 Asymptotics for the coefficients 

Let / and g be functions on F* and for A; G and d' , d" G G set 

^d',d"ik;G):= J2 ^^§n^iRG'G'kc9{c-d''). (15) 
b,ceG' 

In this section we study the asymptotic behaviour of the function ^d',d"{k) for k in the union 
of e-tubes with large Here we only give the statements. See Appendix B for the proofs. 
Reset the constant R as 

:= max 1 1, a, 2A, 140||i|bi , || (1 + h'')q{h) |bi - 1 , (16) 



and make the following hypothesis. 
Hypothesis 1. 

116^^(6) ||;i< 00 and ||(l + < 
Our first lemma provides and expansion for ^d'4'{k) "in powers of l/\zy^d'{k)\'' ■ 

Lemma 3 (Asymptotics for ^d',d'i]^))- Under Hypothesis 1, let v G {1,2} and let f and g be 
functions on T* with ||6^/(6)||;i < 00 and \\b'^g{b)\\ii < 00. Suppose either (i) or (ii) where: 
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(i) G = {0} and k G (r,(0) \ UbeG'Tb) \ ICr; 

(ii) G = {0,4 and k G (r^(0) n T^>{d)) \ Kr. 

Then, for (m, d') = (i/, 0) if (i) or d') G {(z., 0), d)} if (ii), 

where for 1 < j < 2, 

where Cj = Cj-A,A,qj,g cti^d C3 = C3-^^\^A,q,f,g cii^^ constants. Furthermore, the functions 
"^d' (^) ^'^^ 5«wen &y (66) and (69) and are analytic in the region under consideration. 

Below we have more information about the function a[^\,(k). 

Lemma 4 (Asymptotics for a^^^, (fc)). Consider the same hypotheses of Lemma 3. Then, for 
ifi, d') = {v, 0) if (i) or if,, d') ^{{v, 0), {v', d)} if (ii), 

where o!"^'^ is a constant given by (80), and the remaining functions a^^'j) are given by (79). 
Furthermore, for < j <2, 

\a^l'^) \ < Cj and |a["'^;;^''| < — ^^-1 -, 

"'"^ ^'"^ " 2\z^^d'{k)\ -R 

where Cj = Cj-\^A,f,g <md C3 = C3;A,A,/.g a^e constants given by (81). 

The next lemma estimates the decay of $ (A:) with respect to z^i^ci[h) for d' 7^ d" . 

Lemma 5 (Decay of ^d',d"{^) for d! 7^ d"). Under Hypothesis 1, let v G {1, 2} and let f and g 
be functions on r# with \\b'^f{b)\\ii < 00 and \\b'^g{b)\\ii < 00. Suppose further that G = {0,d} 
and k G (r^(0) n T^'(d)) \ ICr. Then, for d', d" G G with d' / d", 

where Cp# ^ is a constant. 

The next proposition relates the quantities \k2\, \zu,d'ik)\ and \d\ for k in the e-tubes 
with large 

Proposition 11. For v G {1,2} we have: 

(i) Zei k G r^(0) \ /Cr. Then, 

113 ,118 
< T-r < ■; 7TT7 ana ——7 < tt-t < t-t- 



kj/,o(fc)| ki/,o(^)| 41^1 \k2\ \v 

(ii) Let k G (r^(0) n Ty,{d)) \ ICr. Then, 

113 11 

< ^ < : : ^ < ^ < 



ki/,o(^)| \v\ \zu,o{k)\' \zu',dif^)\ 1^1 ki^'.dWr 



1 1 2 

< ^ < 



2|^;,.',(i(fe)| \d\ \zi,',d{k)\ 
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10 Bounds on the derivatives 

In the last section we expressed ^d',d"{k) ^ ^ sum of certain functions C(^J_ \r{k) for k in the 
e-tubes with large 1^1 . In this section we provide bounds for the derivatives of all these 
functions. Here we only give the statements. See Appendix C for the proofs. 
Our first lemma concerns the derivatives of ^d',d"ik)- 

Lemma 6 (Derivatives of ^d',d"{k)). Under Hypothesis 1, let / and g be functions in /^(r#) 
and suppose either (i) or (ii) where: 

(i) G = {0} and G (To \ UbeG'Tb) \ ICr; 

(ii) G = {0, d} and G (Tq n Ta) \ ICr. 

Then, for any integers n and m with n + m > 1 and for any d' , d" G G, 



Qn+m 



■^d',d"ik) 



< 



c 



dk^dkf 

where C is a constant with G = Ge,A,A,f,g,m,n if (i) or C = G\^Aj,g,m,n if (")■ 
We now improve the estimate of Lemma 6(ii) for d' ^ d" . 

Lemma 7 (Derivatives of ^^d^d'^k) for d' ^ d"). Consider a constant /3 > 2 and suppose that 
\\\bfq{b)\\ii < oo and ||(1 + |6|'^)i(6)||,i < 2e/63. Let v G {1,2} and let f and g be functions 
on r# obeying |||6|'^/(6)||;i < oo and \\\b\^ g{b)\\ii < oo. Suppose further that G = {0, d} and 
G To n with \v\ > ^\\\b\^q{b)\\ii . Then, for any integers n and m with n + m > and for 
anyd',d" gG with d' ^ d" , 



Qn+m 



^d',d"{k) 



dk^dk 

where C = Ge,A,Aj,g;rn,n is a constant. 

Observe that, in particular, this lemma with m 



< 



G 



have bounds for the derivatives of ct^A, (fc). 



generalizes Lemma 5. We next 



n 



Lemma 8 (Derivatives of a^|^, (A:)). Under Hypothesis 1, let v G {1,2} and let f and g be 
functions in 1^{T'^). Suppose either (i) or (ii) where: 

(i) G = {0} and k G (r,(0) \ UteG'Tb) \ Kr; 
(ii) G = {0, d} and k G (r^(0) n r^'(d)) \ ICr. 

Then, there is a constant p = Pe,A,g,m,n with p> R such that, for \v\ > p and for {fx, d') = {v, 0) 
if (i) or {p,d') G {{y,Q),{y' ,d)} if (ii), for any integers n and m with n + m > \ and for 
1 < J < 2, 



d 



n+m 



^HdfiJ^ 



dk'ldkl^"- ^'"'^ 



< 



{2\z^,d'{k)\-Ry 



and 



d 



in+m 



< 



C. 



{k)\m' 



where Gi = Gi-j^g^\^A,q,n,m for 1 < / < 3 are constants. Furthermore, 



Ci;/,p,A,A,l,0, C'i;/,g,A,A,0,l < 13A ^ll/lliilbllii 



and 



Gi.j,g,K,A,i,i < 65A- 
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11 The regular piece 

Proof of Theorem 1. Step 1 (defining equation) . We first derive a defining equation for 
tlie Fermi curve. Without loss of generality we may assume that A(0) = 0. Let G = {0}, 
recall that G' = \{0}, and consider the region (Tjy(O) \ VJi,^qiTij) \ JCp, where /? is a constant 
to be chosen sufficiently large obeying p > R. By Proposition 7(i) we have G' = {b & 
r# I \Nh{k)\ > £\v\}. To simplify the notation write 

:= (j^(A^)nr,(o)) \ j/CpU (j tA. 

\ 6er#\{o} / 

By Lemma 2(i), a point /c is in Ai;/ if and only if 

No{k) + Do,o{k) = 0. 

By Proposition 10, if we set 

w{k) := Wi,fi{k) = ki + i{—iyk2 and z{k) := Zi,fi{k) = ki — i{—iyk2, 
this equation becomes 

PlW^ + P2Z^ + (1 + P3)wz + P4W + P5Z + Pg + q{0) = 0, (17) 

where 

with J°°, and M°° given by Proposition 10. Observe that all the coefficients 

/3i, . . . , /^e have exactly the same form as the function $o,o(fc) of Lemma 3(i) (see (15)). Thus, 
by this lemma, for 1 < i < 6 we have 

ft = ;3f)+;3f) + ^f , (18) 

(i) 

where the function f5l is analytic in the region under consideration with 

\^i'\k)\<—-^ ^<-^ for l<i<2 and |#(fc)| < ^ 



{2\zik)\-py - \z{k)\j ^ ''-\z{k)\p^' 

where C = Ce,A,q,A is a constant. The exact expression for /3l ' can be easily obtained from 
the definitions and from Lemma 3(i). Substituting (18) into (17) and dividing both sides of 
the equation by z yields 

w + P^^^ z + g = 0, (19) 

where 

g:=^ + (Z^?) +^(3)). + ^3- + ^ +^5 + ^ + M (20) 
z z z z 



23 



obeys 

m\ < -, (21) 
p 

with a constant C = Ce,A,q,A- Therefore, a point k is in Mi, if and only if 

F{k) = 0, 

where 

F{k) := w{k) + I3^^\k)z{k) + g{k) 

is an analytic function (in the region under consideration). 

Step 2 (candidates for a solution). Let us now identify which points are candidates 
to solve the equation F{k) = 0. First observe that, by Proposition 2(c) the lines A/0(0) and 
Mi,'{d) intersect at Mv{^) f\Mi,'{d) = {{i0i,{d), (— l)'^'^^(d))}. Hence, the second coordinate of 
this point and the second coordinate of a point k differ by 

pr{k) - pr{Af,{())nK'{d)) = k2 - {-ifo^id) = fcs + {-iye,{d). 

Now observe that, if A; G T^(0) n r,,/(d) then + i{-iyk2\ < e and 

\k2 + i-iye^d)] = \^{ki + i{-iyk2) - liki + di - i{-iy{k2 + d2)\ 

<^|iVo,.(A;)-Ar,,,,(fc)| <§ + § = £. 

That is, the second coordinate of A; and the second coordinate of A/'i/(0)nA/'i/'(d) must be apart 
from each other by at most e. This gives a necessary condition on the second coordinate 
of a point k for being in Mi,. Conversely, if a point k is in the (£/4)-tube inside T,y{0), 
that is, \ki + i(— 1)^A;2| < j, and its second coordinate differ from the second coordinate of 
AC(0) nAC'(c^) by at most e/4, that is, \k2 + {-iye„{d)\ < |, then 

\Ndy{k)\ = \NoAk) - 2(^2 + {-ire,id))\ < £ + 2 I < £, 

that is, the point k is also in T^'{d) and hence lie in the intersection Ti,{0)nT^'{d). This gives a 
sufficient condition on the first and second coordinates of a point k for being in T^{0)riT^'{d). 
For 2/ G C define the set of candidates for a solution of F(A:) = as 

M,(y) := pr-\y) n [ r,(0) \ |J tA = pr'^y) n I r,(0) \ (J r,,(5) 
V 6er#\{o} / V 6er#\{o} 

Observe that, if \y + {-iye„{b)\ > e for all ber*\ {0} then 

M,{y)=pr-\y)nT,{0) = {{ki,y)e€^\ \k, + ii-lfy] < s}. (22) 

On the other hand, if \y + {—iy9i,{d)\ < s for some d G \ {0}, then there is at most one 
such d and consequently 

MAy) = pr-\y) n (r,(o) \ T^d)) 

= {{kuy)e€^\ \ki + i{-iry\<e and \ki + di+i{-ir'{y + d2)\>e}. 
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Indeed, suppose there is another d' / such that \y + {—lY9y{d')\ < e. Then, 

\d-d'\ = \2{-iye,{d-d')\ = |y+ (-l)X(rf) - {y + {-ire,{d'))\ <2e< 2A, 

which contradicts the definition of A. Thus, there is no such d' ^0. 

Step 3 (uniqueness) . We now prove that, given k2, if there exists a solution ki{k2) of 
F{ki,k2) = 0, then this solution is unique and it depends analytically on k2- This follows 
easily using the implicit function theorem and the estimates below, which we prove later. 



Proposition 12. Under the hypotheses of Theorem 1 we have 



dF 
dk[ 



(fc)-l 



< 



1 C2 

7 • 34 + p' 



(a) 
(b) 



where the constants Ci and C2 depend only on e, A, q and A. 
Now suppose that {ki,y) G M^{y). Then, 



dF 



iki,y)-i 



< 



1 , C2 

7-3^ p' 



Hence, by the implicit function theorem, by choosing the constant p > R sufficiently large, 
if F{k\,y) = for some {k\,y) G My{y), then there is a neighbourhood C/ x F C which 
contains (A;^, y), and an analytic function rj -.V ^ U such that F{ki, k2) = for all (/ci, ^2) G 
U xV if and only if ki = r]{k2)- In particular this implies that the equation F{ki,k2) = has 
at most one solution {r]{y),y) in Mi,{y) for each y G C. We next look for conditions on y to 
have a solution or have no solution in My{y). 

Step 4 (existence) . We first state an improved version of Proposition 12(a). 

Proposition 13. Under the hypotheses of Theorem 1 we have 

F{k) - wik) = + 4'''\wik)) + I3i'^'\k) + h{k), 

where 



0(1,0) 
P2 



= -2^ J: 



Sb,c + 



e,,{Aib-c)) 



eM{c)) 



(24) 



is a constant that depends only on p and A and 



Furthermore, 



^(1-2), 



lOOA 



{k)\< 



40A2 



1/^2 (^)I<74A3 



\h{k)\ < a 



£,A,q,A ■ 
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We now derive conditions for the existence of solutions. Suppose that F{r]{y),y) = 0. 
Then, since ri{y) + i{—lYy = w{r]{y),y) and e < A/6, using the above proposition we obtain 

\ii{.y) + i{-'^Ty\ = \w{'n{y),y)\ = \P{'>i{y),y) -w{viy),y)\ 

- lOOA ^ 40A2 ^ 74 A3 ^ p - 50A ^ p ■ 



Hence, by choosing the constant p sufficiently large we find that 

\riiy) + i{-iry\ < 

In view of (23), there is no solution in Mi,[y) if for some d G \ {0} we have 
+ <£ and \ri{y) + + i{-lY' {y + d2)\ < e. 

This happens if 



2 V 40A 
because in this case 

Hy) + di + i{-ir'{y + d2)\ = \r]{y) + i{-lYy - 2i{-lYy + di - i(-l)^d2| 

< + i{-iYy\ + 2|y + < e. 



Therefore, the image set of pr is contained in 



z + {-lYe,{b)\>Ue 



2 V 40A 



j for an6Gr#\{0}|. 



On the other hand, in view of (22), there is a solution in Mj,(y) if \y + {—lYOv{b)\ > £ for all 
6 G r# \ {0}. Recall from Proposition 11(a) that p < \v\ < 8\k2\- Thus, the image set of pr 
contains the set 



\z\ > p and \z + {-lYO^{b)\ > e for all 6 G F* \ {0}}. 



Step 5 . Summarizing, we have the following biholomorphic correspondence: 

M„ 3 k > k2 e ft, 

My 3 ir]{y),y) i — yen, 

where 

fi2 C C J^i and 7]{y) = - i{-lYy - r{y), 

with the constant /Sg^'^^ given by (24), 

This completes the proof of the theorem. □ 
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Proof of Proposition 12. (a) Recall that = Jy^- First observe that, by Proposition 10, 
Lemma 3, and (66), we have 



b,ceG[ 



(l,z(-ir)-A(-6) 



5^,,c(l,-^(-lr)•^(c). 



(25) 



Thus, by (94) and (99), 



A{2\z{k)\-R) 44 
Now recall that \g{k)\ < C^^^^q^A^- Hence, 



45 ^„ i„ 4 44 f2eY el 



A\z{k)\ 45 V63y - 900 \z{k)\ 



\F{k) - wik)\ = \P\"{k)z{k) + g{k)\ + C,,A,q,A ^. 



This proves part (a), 
(b) We first compute 



dki dki z 

8^4 w 



+ 



dki ~^ dki 



+ 



dki z 



z-w d/35 ^dPe 1 (36 m 
+ Pa — 5 h — I- 



(27) 



dki dki z 



2 ■ 



Now observe that, since A; G Ty{{)) \ ICp we have \w{k)\ < e, 3|f | > \z\ and p < \v\ < \z\. 
Furthermore, by Lemmas 3(i), 6(i) and 8(i), for 1 < z < 6 and 1 < j < 2, 



\m\ < 



c 



dm) 



dki 



< 



\z{k)y 
c 



1/3? (fc) I < 



C 



dp\^\k) 



dki 



\z{k)y 

where C = Ce,K,q,A in all cases. Hence, 

dg{k) 



< 



\z{k)\P 
C 



l#(fc)| < 



c 



d^f\k) 



dki 



< 



\z{k)\p^-- 
C 



(28) 



dki 



< Ce,K,q,A ' 



By Lemma 8(i) with f = g = (1, —i{—lY) ■ A, we obtain 

13 



Therefore, 



zik) 



dF 
dki 



d(3i'\k) 



dki 



ik)-l 
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A2|z(A;)| 



||(l,-i(-l)^)-A||f,<^ 



(29) 



(30) 



d 

dh 



{F{k)-w{k)) 



l-y^\k)z{k) + g{k)) 



^(.).(.)+#)(.) + ^(.) 



This proves part (b) and completes the proof of the proposition. 



□ 



27 



Proof of Proposition 13. First observe that 

(1, i{-lY) ■A = Ai + i{-\YA2 = - i{-lY'A2 = -2ie,,{A). 
Thus, recahing (25), 

b,cEG[ 

Now, by Lemma 4 we have 
where 



b,ceG[ 



Ou'{A{-b)) 



Sb,c + 



0u{A{c)) 



and 



Hence, 



\Pi'''\k)\ < Ca,a 



F{k) - w{k) = z{k)pi'\k) + g{k) = + Pi'''\w{k)) + Pi'''\k) + h{k) 
with h := P^'^^ + g. Furthermore, in view of (21), 

\h{k)\<\pi'''\k)\ + \g{k)\<C,,A,,,A-^. 

This proves the first part of the proposition. Finahy, by (81), since < 2£/63 and 

e < A/6, we find that 



< ^ [^ + jj^\\OAA)h J \\2i9,'iA)y\\2id.{A)y < j-\\A\^, < ^ 



1 



< ^ {l + -^\\eAA)h 1 \\2i9,'iA)M2i9,{A)\y < ^epll^i < 



and 



256, 



IP'^'^'l < j^\\9AA)\\t.\\2ze,'{A)y\\2z9,{A)y < -j^\\A\\f, < 
This completes the proof. 



□ 



12 The handles 

Proof of Theorem 2. Step 1 (defining equation). Let G = {0, d} and consider the region 
(r,^(0) n Ti,'{d)) \ Kp, where p is a constant to be chosen sufficiently large obeying p > R. 
Observe that, this requires d being sufficiently large for {Ti,{0)r]T,^'{d))\]Cp being not empty. 
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In fact, by Proposition ll(ii), for k in this region we have p < \v\ < 2\d\. Now, recall from 
Proposition 7(ii) that G' = {6 G P* | \Nb{k)\ > e\v\}, and to simphfy the notation write 

:= ^{A, V) n (r^(o) n T^>id)) \ iCp. 

By Lemma 2(ii), a point k is in Hu if and only if 

(iVo(fe) + Do,o{k)){Nd{k) + Dd,d{k)) - Do,d{k)Dd,o{k) = 0. 



Define 

wi{k) 
zi{k) 

W2{k) 
Z2{k) 

Note that, by Proposition ll(ii). 



= w„^Q = ki + i{-iyk2, 
= z„fi = ki- i{-lYk2, 
= w^'^d = ki+di+ {k2 + d2), 

= z^'^d = ki + di -i{-lY' {k2 + d2). 

\v\ < 1^21 < 3|t;| and \d\ < \z2\ < 2\d\. 



\v\ < \zi\ < 3\v\, 
By Proposition 10, 

No + Do,o = Piwl + /32zf + (1 + /33)wizi + p^wi + p^zi +Pe + g(0), 

+ Dd^d = mwl + mzi + (1 + m)w2Z2 + + 115Z2 + % + g(o), 

where 



00 



-00 



'00 



00 



and 



. jdd ^ . joa „ . Ty^' 

m ■= Jv ) '72 •= Jv' 1 % •= 



dd 



^dd 



V4 



-dd 



dd 



(31) 



(32) 



(33) 



with J^"^', K"^'"^', L^"*' and M'^''^' given by Proposition 10. Observe that all the coefficients 
Pi,. . . ,Pe and r/i, . . . , % have exactly the same form as the function ^d',d'{k) of Lemma 3(ii) 
(see (15)). Thus, by this lemma, for 1 < i < 6 we have 



and r)i = rf^^ + -qf^ + rlf^ , 



(34) 



where the functions /?• ' and •ql ' are analytic in the region under consideration with 



\p?m < 



< tt^t-ttS — :tt<^-^ for 1<J<2 



{2\z2{k)\-p)3 - \z2{k)\3 



and 



nf\k)\ < 



zi{k)\p'' 
C 



Z2{k)\P^' 
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(i) (i) 

where C = C^^\^q^A is a constant. The exact expressions for /S^ and rjf can be easily obtained 
from the definitions and from Lemma 3(ii). Substituting (34) into (33) yields 



1 



[No + Do,o) = wi + Pi^^ zi + gi, 



Z2 



(35) 



where 



91 

92 



obey 



\-[P2 + 1^2 )^1 + ^3-!^! H 1- ^5 H 1- 

Zl Zi Zi Zi 

h (?72 + 1I2 )^2 + 113^2 H 1- % H ^ 

^^2 Z2 Z2 Z2 



\9i{k)\ < ^ and \g2ik)\ < ^, 



(36) 



(37) 



with a constant C = C£^A,q,A- This gives us more information about the first term in (31). 
We next consider the second term in that equation. 
Write 

Do,d = ci{d) + pi and = C2{d) + P2 (38) 



with 

ci{d) := q{-d) - 2d- A{-d), 
C2{d) := q{d)+2d-A{d), 

We have the following estimates. 



Pi ■■= Do,d-qi-d)+2d-Ai-d), 
P2 ■= Da,o-q{d)-2d-A{d). 



Proposition 14. Under the hypotheses of Theorem 2 we have, for any integers n and m with 
n + m > and for 1 < i < 2, 

. C2 
Q^PAk)<^ and \cm<^y 

where the constants Ci and C2 depend only on e, A, q and A. 

Thus, by dividing both sides of (31) by Z1Z2 and substituting (35) and (38) we find that 

^ - [(A^o + DQ^o){Nd + Dd,d) - Do,dDd,o] 

(39) 



= 



Z1Z2 



= {wi + P^^^ Zl +gi){w2 + ri)^' Z2 + g2) —{ci{d) +pi){c2{d) +P2)- 

Z1Z2 

We now introduce a (nonlinear) change of variables in C^. Set 

xi{k) := wiik) + I3^^\k) zi{k) + gi{k), 
X2 (k) := W2 (k) + r]^2^ (k) Z2 (k) + 52 (k) . 
This transformation obeys the following estimates. 



,(1) 



1 



(40) 
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Proposition 15. Under the hypotheses of Theorem 2 we have: 
(i) For 1 < J < 2 and for p sufficiently large, 



(ii) 



and 



with 



dxi 


dxi 


dki 


dk2 


8X2 


8X2 


dki 


dk2 


dki 


dki 


dxi 


8X2 


dk2 


8k2 


dxi 


8X2 
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M^)--#)l<^ + ^<|- 



C 1 



and 



\N\\ < 4IIMII 



Fkirthermore, for all m, i,j G {1, 2}, 



dxidxj 



A3 



C 



Here, all the constants C depend only on e. A, q and A. 

By the inverse function theorem, these estimates imply that the above transformation 
is invertible. Therefore, by rewriting the equation (39) in terms of these new variables, we 
conclude that a point k is in l-Lu if and only if x\{k) and X2{k) satisfy the equation 



xiX2 + r{xi,X2) = 0, 



(41) 



where 



r(xi,X2) := (ci(d) + pi){c2{d) +P2)- 

Z\Z2 



In order to study this defining equation wc need some estimates. 

Step 2 (estimates) . Using the above inequalities we have, for i G {1)2}, 



< 



E 

m=l 



dpj dkr, 



dkm, dxi 



< 



C_ 

R 



and 



so that 
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dxidxi 



Pj{k{x)) 



< 



E 

m,n=l 



d'^Pj dkm dkr, 



dkmdkn dxi dxi 



+ E 

m=l 



dpj d'^kr, 



dkm dxidxi 



C_ 



1'^^''^' - |d|2 \d\ \d\ - 

- W \d\ \d\ ^ W \d\ \d\ - W 
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and 



dxidx 



■ r{x) 



< 



C 

W 



Here, all the constants depend only on e, A, q and A. 

Step 3 (Morse lemma) . We now apply the quantitative Morse lemma in Appendix A 
for studying the equation (41). We consider this lemma with a = b = C/|d|^, 6 = e, and d 
sufficiently large so that b < max{| f}- Observe that, under this condition we have 



(5-a)(l - 196) > - and 



iS-a){l-55b)>-. 



According to this lemma, there is a biholomorphism defined on 



with range containing 



such that 



ni := \^izi,Z2) G l^il < I and 1^21 < |} 

|(a;i,X2)GC^ |xi| < I and |a;2| < ^| 

C 



(42) 



{{xiX2+r) O ^i,){zi,Z2) = ZiZ2 + td, 

I I c 

\td\ < TJM, 



(43) 



1^.(0)1 < ^, 

where D^i, is the derivative of and td is a constant that depends on d. Hence, if for = 1 
we define 

J^i ^Ti(o)nr2(d) 



as 



4>d,lizi,Z2) ■■= ikli<^l{zi,Z2)),k2i<^lizi,Z2))), 

where k{x) is the inverse of the transformation (40), we obtain the desired map. Note that 
the conclusion (ii) of the theorem is immediate. We next prove (i) and (iii). 

Step 4 (proof of (i)). By Proposition 15(i), for 1 < j < 2 we have |xj(/c)— it;j(/>:)| < |. 
Now, recall from (32) the definition of wi{k) and W2{k). Then, since 



the set 



\xj{k)\ < \xj{k) - Wj{k)\ + \wj{k)\ <- + \wj{k)\, 



{iki,k2) e I \wi{k)\ < I and \w2{k)\ < |} 



is contained in the set (42). This proves the first part of (i). To prove the second part we use 
Proposition 15 and (43). First observe that 



D^d,i 



dk 
dx 



1 /I 1 



I —I , 



{I + N){I + D^i-I) 



1 /I 1 



I —I , 



{I + N + TZ), 
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where 

||iV||<^ + ^ and |W|<±,. 
Furthermore, from (32) and (40) we have 

ki = i9y{d) + ]^{wi + W2) = iOv{d) + ^(xi + X2 + 1^2^ zi + r?^^^2:2 + 51 + 52) 



and similarly 



k2 = -{-lye.id) + ^^(xi -X2- li'i^i + rj^2^Z2 -gi+ 92) 



2i 

so that 

<^,,i(o) = fc(#i(o)) = k {o (^^)) = {ie,{d), -{-lyeM) + o (^) + o Q 

Step 5 (proof of (iii)) . To prove part (iii) it suffices to note that Ti(0) fl T2{d) fl 
T{A^ V) is mapped to Ti{—d) fl 12(0) fl T{A, V) by translation by d and define ^^,2 by 

<t^d,2{zi,Z2) ■■= (I)d,l{z2, Zl) + d. 

This completes the proof of the theorem. □ 
Proof of Proposition 14- It suffices to estimate 

Cd',d" ■= Qid' - d") - 2{d! - d") ■ A{d' - d") and pd'4" := Ddi,d" - Cd',d" 
for d',d" e {0,d} with d' d" . Define if'^" := (l,i(-l)^) • A{d' - d"). Observe that, since 

and similarly 

|i(d'-d")|<||62i(6)||,i^, 

it follows that 

l"'^''^"!-^ and \l^ \<^. 

This gives the desired bounds for ci and C2- 
Now, by Proposition 10 we have 

„_ jd'd'\2 I Td'd''2 I R-d'd'' „ ^ j_(fd'd" ld'd"\^„ j_ffd'd" ]d'd"\^ j_ iCrd'd" 

with L^'''" := L^''^" + 4'^" and M'^'''" := W^'"^' - c. Observe that all the coefficients J^''^", 
^<i'(i"^ ^j^^ ^d'd" j^g^yg exactly the same form as the function ^d',d"{^) of Lemma 7 (see 

Proposition 10 and (15)). Thus, by this lemma with P = 2, for any integers n and m with 
n + m > 0, the absolute value of the gfeng^m -derivative of each of these functions is bounded 
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above by C£^A,A,q,m,nj^- Hence, if we recall from Proposition ll(ii) that < 6\d\ and 

|^;2(fe)| < 2|(i|, and apply the Leibniz rule we find that 



Qn+m 



Pd',d"{k) 



<C ^ 

\d\ 



This yields the desired bounds for pi and p2 and completes the proof. 
Proof of Proposition 15. (i) Similarly as in (26) we have 



□ 



\A'\k)\ < 



1 



and 



\vi'\k)\ < 



1 



900 \zi{k)\ 

Thus, in view of (37), and by choosing p sufficiently large, 



900 1^2(^)1' 



\x,{k) - W,ik)\ < \P^\k) Z,{k) +g,{k)\<^ + ^<'-, 

and similarly \x2{k) — 1^2(^)1 < e/8- This proves part (i). 
(ii) Recall (32) and (40). Then, for 1 < j < 2, 



dk] = Wj^''' ''^^ +^^^ 

9x2 9 (1) 



dwi _^ ^ 9/3^ 
dkj ^ 



(1) 



dkj 
.(1) 



dw2 dz2 (1) dg2 



dki 



dki 



dk-j 



First observe that the functions gi and g2 are similar to the function g (see (36) and (20)). 
Thus, it is easy to see that and are given by expressions similar to (27). Since 
k € Ti^{0) n T^'{d) we have |it;i(/c)| < e and |it;2(^)| < £• Recall also the inequalities in 
Proposition ll(ii). Hence, by Lemmas 3(ii), 6(ii) and 8(ii), wc obtain (28) with ki and z{k) 
replaced by kj and zi{k), respectively, and for ki, z{k) and f3 replaced by kj, Z2{k) and ry, 
respectively. Consequently, similarly as in (29) and using again Lemma 3(ii), for 1 < _7 < 2 
we have 



dkj'^ dkj 



1 



and 



dz2 (1) , dg2 



dkj 



Now recall that P2 = J^*^ and r]2 = J^f- Then, by Proposition 10, Lemma 3(ii), and (66), it 
follows that 

Pi'\k) = {4THk) = ^''^^"21/^"^^ ^M(i.-^(-ir)--4(c), 



V^2\k) = {4i')^'Hk) = 5^ 

b,ceG[ 



Nb{k) 

{l,ii-ir')-A{d-b) 
Nb{k) 



S,,,{l,-i{-ir')-A{c-d). 



Hence, by Lemma 8(ii), similarly as in (30), for 1 < j < 2, 

M'\k) 



zi{k)- 



dki 



IS -si 

< X2 11(1' -^(-in- ^11'^ < 7:34 



and 



Z2{k) 



dv^\k) 



dk-j 



< 



7-34' 



34 



Therefore, 



8a: 1 8a; 1 

dki dk2 

dX2 9X2 

^ dki dk2 , 




Z2{k)- 



~Bki 





991 \ 


) + (1 


dk2 


992 j 


/ \afei 


9k2/ 



where 



||Mi||<2 



1 

1 }^_^yjiI + Mi + M2 + Ms), 



and IIM2 + M3II < Ce,A,Q,A-. 



7-34 



Set M := Ml + M2 + M3. This proves the first claim. 

Now, by choosing p sufficiently large we can make ||M|| < i. Write 




Then, by the inverse function theorem and using the Neumann series, 

-1 

= (/ + M)-^P-^ = {! + M)P-^ 



(9ki 


9ki\ 


I 9x1 


9x1 \ 


I 9x1 


9x2 1 _ 


9ki 


9k2 


1 9k2 


9k2 1 - 


9x2 


9x2 j 


\9xi 


9X2 / 


\9ki 


9k2/ 



1 



P-\I + PMP-^) = - 



with 



\PMP 



< 2\\M\\1 < 



2 \i{-lY i{ 

2\\M 



< 4IIMII. 



1 - \\M[ 

Set N := PMP~^. This proves the second claim. 

Differentiating the matrix identity TT~^ = I and applying the chain rule we find that 



dxidxj 



E dkm d / dxA dkp 



i,p=i 



dkjn d^xi dkr dkp 
^ dxi dkrdxj, dxi dxj 

l,p=l I r p I J 



Furthermore, in view of the above calculations we have 



dki 



dxj 



1 



<o(l + ll^ll)< o(l + 4||M||)<- 1+4- < 



Thus, 



d'^k^ 



dxidxj 



<4ll 



We now estimate 



d'^xi dzi 813^^ 



sup 

l,r,p 



2 + ^'91 



dkidkj 



dki dk 



dkidk-j 



dkj dki 



dkidk-j 



and 



d^X2 

dkidki 
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From (27) with g, w and z replaced by gi, wi and zi, respectively, we obtain 



dkf dkf z\ 
+ 2 



+ 2 



2zf - 6wizi + 4u;f 

+ Pi q h 



9242) 52^(3)- 



+ 



Z' 



dk{ dk{ 



dk\ dk\ 



5^3 

dk 



dl3s wi 8/34 zi -wi 
2 + 2— — h ^1^775 h 2- 



dki dkf z\ 



dki 



-1 



2{wi - zi) a2/?5 ^ ^2/36 1 M 1 ./36 ^ 2g(0) 



z'( dk\ dki zi dki zf 

Hence, by Lemmas 3(ii), 6(ii) and 8(ii), 

d'gi 



Similarly we prove that 



dkf 

d'gi 



dkidkj 



< Cs,A,q,A -■ 



< Ce,A,q,A ' 



for all l,i,j G {1,2} because all the derivatives acting on gi are essentially the same up to 
constant factors (see [13]). Furthermore, again by Lemma 8(ii), 



dp? 



dki 



< a 



dr]? 



dkj 



<a 



and 



ziik) 



92/3 W(fc) 



dkidkj 



Z2{k) 



d'^v^\k) 



dkidkj 



< 



5A3 



Hence, 



d^xi 



dkidkj 



Therefore, 



d'^kr, 



< 4 - sup 

V^/ l,r,p 

This completes the proof of the proposition. 



dxidxj 



d'^xi 



/ 3 2 ^ 1 



□ 



A Quantitative Morse lemma 



Lemma 9 (Quantitative Morse lemma [13]). Let 5 he a constant with < (5 < 1 and assume 
that 

f{xi,X2) = X1X2 + r{xi,X2) 

is an holomorphic function on Dg = {(a;i,a;2) € | |xi| < S and \x2\ < S}. Suppose further 
that, for all x E Dg and 1 < z < 2, the function r satisfies 

d'^r 



dr 
dxi 



(x) 



< a < 6 



and 



OXtOXj J jjg{i^2} 



<b< 



1 
55' 
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where a and b are constants. Then f has a unique critical point ^ = (^1,^2) G Ds with < a 
and 1^2! < o,. Furthermore, let s = max{|^i|, |^2|}- Then there is a biholomorphic map $ from 
the domain -D(5_s)(i_i9{,) to a neighbourhood of ^ E Dg that contains 

{{ZUZ2) G C2 I \zi - Cil <{$- - 556) /or 1 < i < 2} 

such that (/ o $)(zi, Z2) = -21^2 + c, where c ^ <C is a constant fulfilling \c — r(0, 0)| < 0,^. The 
differential obeys \\D^ - I\\ < 18b. If ^(0,0) = and ^(0,0) = 0, then ^ = and 
s = 0. 



B Asymptotics for the coeficients: proofs 

Proof of Proposition 11. We first derive a more general inequality and then we prove parts 
(i) and (ii). First observe that, if A; G T^id') \ Kr then 

1^; + {-lY{u + d!)^\ = \Nd',^.{k)\ < e < \v\. 

Hence, 

\v\ < \2v -{v + {-lT{u + d')^)\ < 3\v\. 

But 

\2v -{v + i-l)^'iu + d')^)\ = \v- {-iTiu + d')^\ 

= \ki+d[-ii-irik2+d'2)\ = \z^,,d'ik)\. 

Therefore, 

' <±< ' . (44) 
\z^i,,d'{k)\ \v\ \zij,,d'{k)\ 

We now prove parts (i) and (ii). 

(i) The first inequaUty of part (i) follows from the above estimate setting {p,d') = (z^, 0). 
To prove the second inequality observe that, since |v| > i? > 2A > 12s by hypothesis and 
\v\ < \zu,o{k)\ by (44), on the one hand we have 

l\v\ < i^l^l = \v\ -^\v\< \v\ - |A < |v| - £ < \zu,o{k)\ - \ki + i{-l)''k2\ 

< \z,,o{k)-ki-i{-iyk2\ = 2\k2\. 

On the other hand, since |2:,/^o(^)| < by (44), 

1^2! = |2z(-l)''A;2| = \ki + i{-iyk2 - (fci - ii-iyk2)\ 

= \ki + i{-iyk2 - z^fi{k)\ <e + S\v\ < 4\v\. 

Combining these estimates we obtain the second inequality of part (i). 

(ii) Similarly, in view of (44), i{ k E T^{d') \ Kr for (/x, d') G {(i^, 0), {v' , d)} then 

113 ,113 

< rr ^ I — 7TV\ and -. < rr ^ i 7TV\- (^5) 



ki/,o(^)| \v\ \zv,Q(k)\ W,d{k)\ \v\ \zi,i^dik)\' 
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These are the first two inequahties of part (ii). Now, since 



z,',d{k) = ki- i{-lfk2 + di- i{-lfd2 

= Zi,'fi{k) + di- i{-iy'd2 = w^^o{k) + di - i{-iy'd2, 

\wvfi{k)\ < e, and \di — i{—l)'''d2\ = \d\, it follows that 

\zu',d{k)\ -e<\d\< \z,,>^d{k)\ + e. 

Furthermore, by (45), 



Thus, 



e < ^ < M < \^^'Ak)\ 
6 - 12 - 12 



^W'Ak)\ < \d\ < 2\z,,^a{k)\. 



This yields the third inequality of part (ii) and completes the proof. 



□ 



Proof of Lemma 3. We consider all cases at the same time. Therefore, we have either hy- 
pothesis (i) with {fi,d') = (z^, 0) or hypothesis (ii) with {iJ-,d') G {{v,0), {u',d)}. Observe that 
either {u, v') = (1, 2) or {y, v') = (2, 1). Step 1 . Recall the change of variables (14) and set 

G; := (6 G G' I \h- d'\ < Ir}, G'2 ■= {h e G' \ |6 - d'\ > \R]. 

Then G' = G'^UG'^ and G;, G'2 C {6 G r# | \Nh{k)\ > e\v\} by Proposition 7. Furthermore, by 
Proposition 11, for {fi,d') = {iy,0) if (i) or {n^d') G {(i/, 0), (z/', d)} if (ii) we have \Zfj,^cL'\ < 
Thus, observing the definition of G2, 



|7^l(fc)| := 



(46) 



' ' beG[ 
1 „„_i „ „ „„ 16 



c&G' 



s\v\ 



\Zix,d'\R'^' 



and similarly 



Hence, 



mk)\ < 



c, 



(47) 



^d',d'{k) 



E +E + E 

b,c&G[ b&G[ b&G'^ 

ceG'2 ceG' 



f{d'-b) ^^_, 
jY^(fc) {RG'G'h,c9{c-d) 



(48) 



= E ^^^iRG'G'kc9ic-d') + n,ik) + n2ik) 



b,ceG{ 
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with 

|7^l(fe)+7^2(A:)|<^^. (49) 
Now, if we set Tqiqi := ttq' — Rg'G' and recall the convergent series expansion 

oo 

R-}^, = (ttc - Tg'G')"^ = X^^G'G" 

j=0 

we can write 

Note, the above equality is fine because G[ is finite set. Let 

G's := {beC \ \b- d'\ < ^R}, G'^ := {b e G' \ \b - d'\ > ^R}. 

Again, observe that G' = G'^UG'^. Thus, we can break Tq/qi into 

Tg'G' = t^g'Tttg' = (ttg^ + T^G'jT{TrG'^ + t^g'^) = ^33 + ?43 + T34 + T44, 

where Tij := iTGiTirGj for G {3,4}. Using this decomposition we prove the following. 
Proposition 16. Under the hypotheses of Lemma 3 we have 

j=Ob,ceG[ ' j=Ob,ceG[ ' 

with TZsik) given by (75) and 

mk)\ < j^^f-. (51) 

This proposition will be proved below. Combining this with (48) and (50) we obtain 

= E E ^^fer (^33)6,0 5(c - d') + E^.(fc)- (52) 

j=Ob,c&G[ ^^"^ j=l 

Step 2. Wc now look in detail to the operator T33 and its powers T^^. Recall that 
e^{b) = i((-l)'^62 + i^i) and set fj,' := /x- (-l)'^ so that {-!)'' = -{-l)"' . Then, 

= {Wf,,d' - ^^0^.'{b - d')){z^,,d' - 2i9^,{b - d')). 
Extend the definition of 0^{y) to any y € C^. Thus, 

2{k + d') ■ A{b -c) = -2ie^{A{b - c)) w^,d' - 2ie^r{A{b - c)) z^^d'- 
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(53) 



Hence, 

^ 2(c - d') ■ A{b - c) ^ q{b - c) + 2ik + • A{b - c) ^ 
where 

2(c - • i(b - c) - g(6 - c) - 2zg^(i(b - c)) tz;^,,. 

K,d,-2i0^,(c-cZO)(-2M'-2^^M(c-'^O)' ^ ^ 

Let X and Y be the operators whose matrix elements are, respectively, c and Yb.c- Set 

^33 := t^G'^^Xttg',^ and Y33 := TTc^yTTG^. 

We next prove the following estimates, 

V ^ / (56) 

||l33||<|||^^'(i)lbi<3^, 

where 

First observe that the "vector" 5 G T'^ has the same length as the complex number 2i^^(6): 
\b\ = 1(61,62)1 = |6i + z(-l)'*62| = \2i9^{b)\. (57) 

Thus, for 6 G G'3, 

|2ig^(6-d0| _ |6-dq 1 
R ~ R ^ 2' 

Consequently, 

1 1 12 

\Zf,,d' -2i9f,{b-d')\ - \Zf,^d'\ - \2ief,{b - d')\ ^ \z^^a'\ - \R ~ \z„,d'\R ^^^^ 

Furthermore, for b ^ G' , 



-2i6'^/(6-d')| \b - d'\ - \Wf,^d'\ |6-d'|-e 

^ = r 

Here we have used that lui^^^'l < £ < A and |6 — d'| > 2A for all b e G'. Using again that 
£ < A < |c - d'\/2 for all c e G' we have 

\r — d'\ 

' ' <2. (61) 



\c — d'\ — £ 



40 



Finally recall that 



el , 111 

- < - and 1 < -p-r < -, 

A 6 \zn,d'\ \v\ R 



(62) 



where the last inequality follows from Proposition 11 since \v\ > R hy hypothesis. Then, 
using the above inequalities and Proposition 5, the bounds (56) for ||-^33|| and Hisall follow 
from the estimates 



sup E+,^^p E 



< 



< 



< 



< 



< 



sup E+,^^P E 



2\c - d'\ \A{b - c)\ + \q{b - c)\ + \2iejA{b - c))\ \ii 



i.i,d' I 



\w,j,,d' - 2i6'^'(c - d')\ \z^^d' - "^id^ic - d')\ 



\^tJ.,d'\R 

2 
2 

\^H,d'\R 



sup E+,«^p E 



2\c-d'\ \A{b-c)\ \q{b-c)\+eV2\A{b-c) 



+ 



sup ^ + sup ^ 

3 

eV2 



\Wf,,d' - 2i6';,' (c - d') I \w^^d' - 2^6*^' (c - d') \ 
2\c - d'\ \A{b - c)| ^ |g(6-c)|+£V2|i(b-c)r 



|c — OJ'I — £ 



4 + 



A 



A 



< 



20||i||,i + 



20||i|hi + 



4||9|| 



A 



1 1 1 _ 1 
S ^ 7 4 ~ 3 



and similarly 



sup E + E 

^^'^3 beG's ^^^3 ceG's 



A 



14 



Step 3. We now look in detail to T33. For each integer j > 1 write 

rig = (X33 + Y^sy = z, + Wj + yI, 

where Wj is the sum of the j terms containing only one factor X33 and j — 1 factors ^33 



(63) 



^i-E(^33)™"'^33(1^33 



m=l 



In view of (56) we have 



ll>^33|P < 



14 



^ CA,A,q . f J_ 

~ \z,j,4'\r 



|^,||<(2^'-j-l)||X33| 



i-2 



< 
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Hence, the series 

oo oo oo 

S:=J2Yi = {I-Ys3r\ W:=J2Wj and ^ := J] 

j=0 j=l 3=2 

converge, and the operator norm of W and Z decay with respect to Indeed, 

oo oo . s j 

\\s\\<Y.\\^^.\Y^Y.[ta) 

i=0 3=0 ^ ^ 

oo fii ca , ^ j-l „ 



V\\<t\\H\<^t{§U^ 



Thus, we have the expansion 



Step 4. Consequently, 



Y,Ti^ = S + W + Z. 

3=0 



~ f(d'-b) ^ _ ^ f{d'-b) iS + W + Z),,,gic-d') 



_L«(2) I -7? 



where 



(1) ..^ V /(d^-6)5,,,(fc)ff(c-dO 

(2) ... f{d'-b)W^,,{k)g{c-d') 



and 



^ V- f{d'-b)Z,,,{k)g{c-d') 



By a short calculation as in (74), using (58) and (60) we find that 

\i49M\s\\< 





1 2 




^ 2W,d'\ 
1 2 


-R 


A 2\z^^d'\ 


-R 


|7^4(A;)| < 


1 2 




A 2|z^_d'| 


-R 



ii\\y\\ii\\^^ II < 12-! 



Hence, recalling (52) we conclude that 



42 



where ^ 

Furthermore, in view of (49), (51) and (68), since 

1 1 



(69) 



< 



for 1 < J < 2 we have 



and 



where Cj = Cj-\^A,q,f,g and C3 = C^-^s^x,A,qj,g are constants. This proves the main statement 
of the lemma. Finally observe that, since G3 is a finite set, the matrices X33 and y33 are 
analytic in k because their matrix elements are analytic functions of k. (Note, the functions 
Wjji^d'ik) and Zjj^^d'ik) are analytic.) Consequently, the matrices Wj and Zj are also analytic 
and so are Sb^ci ^b,c and c because the series (64) converge uniformly with respect to k. 
Thus, all the functions a^^, {k) are analytic in the region under consideration. This completes 
the proof of the lemma. □ 



Proof of Proposition 16. Step 1. Recall that Tg'g' = T33+r34+r43+r44 with Tjj = TrG'TTrc' 

* 3 

and set x'^^ := 0, ^34"^ := T34, 1^43^ := r43, and := T^^. It is straightforward to verify 
that, for any integer j >0, 



^G'G' 



^33 



+ X^^ +Y^i> +Wli' + Z^ 



(J) 



■34 



43 



.(i) 
^44 ' 



(70) 



where 



■^33 


:= T33Xg + TuWii 


■ ~ 






•— J 33^^34 + J 34^44 


■ 


^ 7-2 


1/^43 


:= T43r|3 + T43X^f + TuWif^^ 


• ~ 




^44 


■■= ^431^"') + r444r'^ 


■ " 





(71) 



Step 2. Since ttq/ttq^ = ttqi^ttq/^ = and ttg^t^g'^ = t^G'^^^G^ = ^G'^i substituting (70) into 
the sum below for the terms where j > 1 we have, recalling that x'^^ = 0, 

E E ^^iT^G'G'kc9{c-d') 



j=o b,ceG[ 



Nbik) 



E E ^^Tj7#(^g')<.,c!'(<^ -<'')■ (72) 



j=Ob,ceG[ ' j=i6,ceG'i 

Now recaU from (58) and (60) that, for all 6 e G'3, 

1 2 1 



iV6(/c) 



(73) 



43 



and observe that G'^ C G3. Let Ai be cither Tg>g' ot T33. Then, the estimate 



^J\7^\\f\\h\\9\\h\ 

(74) 

impUes that the left hand side and the first term on the right hand side of (72) converge 
because ||A^|| < 17/18. Thus, the last term in (72) also converges. Hence, we are left to show 
that 

^3(^) -EE A^(^?3^)^c5(- - ^0 (75) 



CaJ,9 



obeys 

In order to do this we need the following inequality, which we prove later. 

Proposition 17. Consider a constant P > and suppose that ||(1 + |6|^)g(ft)||;i < 00 and 
11(1 + \bf)A{b)\\ii < 2e/63. Suppose fuHher that \v\ > f ||(1 + \bf)A{b)\\ii. Then, for any 
B,CcG' andm> 1, 

/17\ 1 
hBT^'G'^cW < (1 + (2A)^-r'^l \f5]m^f'^-') - sup 



18 J ,eBl + |6-c|^' 
cec 

where is the smallest integer greater or equal than /?. 
Step 3. Now observe that, if 6 G G'^ and c G G4 then 

\b-c\ = \b-d'-ic-d')\>\c-d'\-\b-d'\>^-^ = ^. 
Thus, applying the last proposition with /3 = 2 and recalling that G3 C G', for m > we have 

rpmrp II ^ |l rpm rp || |l rpm+l ^ \\ ^ 3(m+l) /l7\ 

lFGi-?33-?34|| < \\'^G'T-G'G<T-G'G'^\ = \\t^G{Tq,q, TTa'J < _^ Xr2 [ig J 

Furthermore, since ttg'^ttg'^ = '^G'^'^G[ = ^^'^ '^G'^''^G[ = '""g'^j from (70) we obtain 
Hence, 

^TTG'JI = IkG^r^^G'^G'JI < I|Tg'g'IP'+' < ■ 



Therefore, for < m < j. 
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Iterating the first expression in (71) we find that 



m=0 



(76) 



(J-m-l) 
43 



Thus, using the above inequahty, 

i-i 



(i) 

FG'i ^33 TTg'J 



m=0 



< E Ike r3^r34M^ir"^- Vj 



m=0 



< 



i+1 



Consequently, 





oo 











< E II^g;^1?^g; II < — ^ E(.^'' + ( ) ^ ^' 



2 + ii?2 

8 j=l 



17 



18 



where C is an universal constant. Finally, using this and (73), since j^u^'j < 3|t;| we have 



|K3(t)l 



E 

6,ceGi 



fjd'-b) 



oo 




E ^33^ 


9{c-d') 




b,c 



< 



6C 

X 



In view of (72) and (75) this completes the proof. 



□ 



Proof of Proposition 17. For any b,c eT"^ set Qh^c '■= (1 + 1^ ~ c\^)Tb,c- We first claim that, 
for any B,CcG', 



supV IQ6,c| < 7^ and sup V IQfe.cl < , ^ 
1^ -^G^ 18 

In fact, using the bounds (11), (12) and \k\ < 3\v\, it follows that 

q{b - c) 2c- A{b - c) 2k- A{b - c) 



17 



(77) 



supE l<3&,cl = supE(1 + 1^- c|^) 



bGB 



c&C 



Nc{k) 



< 11(1 + \bf)qib)y^ + H||(l + \bf)A{b)y < i + 1 = II, 



and similarly we prove the second bound in (77). Furthermore, since \Ti,^c\ < |Q6,c| for all 
6, c G r# , for any integer m > 1 we have 



sup 



El(^SGM<^g and supEl(r^GXc|<^g . 
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Now, let p be the smallest integer greater or equal than /3, and for any integer m > 1 and 
any ^0, 6, • • • , Cm e r#, let b = and c = ^rn- Then, 



\b-c\^ = (2A)^ 



\b-c\ 



< {2AY 



\b-c\ 

~1a~ 



{2Kf 
(2A)P . 



I 



ji,...,ip=l 



1=1 



1=1 



(78) 



To simplify the notation write s := sup^^^^ . Hence, 

beB^ beB i- + \o-c\P beB^ 



< s 



' cec 



supYKT^'M + i2Af -Ppm^-' sup ^ (1 + |6 - 



beB 



beB 



< s 



6eG' ceC 

+ (2A)/5-fpmf-i sup E (1 + 1^ - ^i\')\Tb,iA 



beB 



X sup E (l + ICi-C2|')|l€i,6|--- sup J2(^ + \U-i-cf)m^_, 



66G' 



< s(l + (2A)^-?'pm^'-^) (— 

\18 



and similarly we prove the other inequality. Therefore, by Proposition 5, 



{ttbT^^G'^cW < (1 + (2A)^-r/3T \p-]m^f^^-') 



17 



1 



where [^0] is the smallest integer greater or equal than /3. This is the desired estimate. □ 

Proof of Lemma 4- To simplify the notation write w = Wn^d'i ^ = ^\x,d' ■, and \z\r = 2\z\ — R. 
First observe that 



+ 



w 



w-2i0^,{c-d') 2ie^,{c-d') 2ie^,{c-d'){w-2i0^,{c-d')) 



so that 

z 



+ 



w 



+ 



2ie^{c-d') 



Nc{k) 2i9^,{c-d') 2ie^,{c- d'){w -2ie^,{c- d')) w - 2ie^,{c- d') z - 2ie ^,{c - d') 
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where, in view of (58) to (61), since \w\ < e. 



and |r?(^)| < 



\z\R 



Hence, 



b,c 



-2ie^'{A{b- c))z 
Njk) 



"• ^b,c ^b,c ^b,c ■ 



Let y(') be the operator whose matrix elements are Y^J and set I33 := t^g'^Y^'^q/^. 
Then, similarly as we estimated HiasH, using (58) to (61) and Proposition 5, it follows easily 
that 

Furthermore, 



S={I- ^33)-' = 1 + (1 - l33)-'i"33 = 1 + SYs3 

= 1 + (1 + sy33)y33 = 1 + yP + 4"^) + + sYi„ 

where, recalling (56), 

11^^3111 < ll(l-^33)-^|| WYssf < J^ML < 11 (iy\\e,iA)\\l. 



Combining all this we have 



Nb{k) 



(r/r + vt^){Sb,c + n:^^ + y^c' + nrc' + (^^3)^0) + vrsb,c 



.(0) 



+ 



(0) , J^) 



{vr+vr)iSYi,)b,c 



+ 



iv^b^+v^:"^)Yi:j+vi'^Sb,c 



b,c ' o,c ' b,c ' o,c 



'(3) 



with 



2A 



2A' 



2A2 



^ + ^\\K'iA)y + j^\\\e,,iA)y 



< 



64 



47 



for all 6, c G Gg. Here, to estimate l^^^^^l have used that e < A/6. 
Finally, recalling (66) and using the above estimates we find that 



b,ceG[ ''^ ' 

= ^ fid'-b) 

b,ceG[ 

+ (»(*)) + <»!.',5'(*) + «!."'(*). 



(79) 



where, in particular. 



a 



(1,0) 
H,d' 



- E 



b,ceG{ 



f{d' - b) 

„ 2ie^,{b-d') 



9^,{A{b-c)) 



g{c-d'). 



(80) 



Furthermore, for < j < 2, it follows easily from (79) that |q;^^^?| < Cj with 



1 

2A 

e 



Co:=^{l + ^\\0,'iA)y]\\fMg\\i^, 



(81) 



Co 



64 



while for j = S, 



js\K'iA)\\f,\\fy\\gy, 



|a^,rf' I < C'a,a,/,9 



Z\R 



This completes the proof of the lemma. 



□ 



Proof of Lemma 5. To prove this lemma we apply the following (well-known) inequality (see 
[13] for a proof). 

Proposition 18. Let a and 5 be constants with 1 < a < 2 and \ < 5 <2. Suppose that f is 
a function on F* obeying \\\b\'^ f{b)\\ii < oo. Then, for any ^1,^2 € F* with ^1 7^ ^2, 



< 



c 



\a+S-2 



X < 



1 if a, (5 < 2, 

In 16 -61 if a = 2or6 = 2, 



&er#\{ei,6} 

where C = CY#^a,5,f ^ constant. 

First observe that ||7r{6i.T^g,7r{c} || = \{TQiQi)b,c\- Hence, by Proposition 17 with ,0 = 2, 
for all b,c e G' and m > 1, 



\iT^'G')b,c\ = \\mTG'G'Hc}\\ < (l + M 



17 



18y l + |6-c|2" 
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Note that this inequahty is also vahd for m = 0. Thus 
\^d',d"{k)\ 



m=0 b,ceG' 

oo 



< 



e\v\ 



< 



C 



e\v\ 



m=0 ^ J beG' ceG' 

\g{b-d")\+ Yl 



\g{c-d")\ 



beG' 



ceG'\{b} 



c&G' 

\9{c-d")\ 
|6-c|2 



+ \h-c\- 



where C is an universal constant. 

Now, by the triangle inequality, Holder's inequality, and since || • ||/2 < || • \\h^ 

Y^\f{ci-h)\\g{h-d")\ 
beG' 

= EfcSi/(^'-^')ii^(^-^")i 

beG' ' ' 



beG' 
n\u2 . 



< 



\d' 


-d"\^ 




4 


\d' 






4 


\d' 





\d'-d"\^' 



Furthermore, by Proposition 18 with a = (5 = 2, for any < ei < 2, 



E 

ceG'\{b} 



\9{c-d")\ ^ ln\b-d"\ ^ Cr#,,e. 

|6-C|2 - ^*'9\b-d'f -|6-d"|2-« 



Applying this inequality and (83) to (82) we obtain 



\^d',d"ik)\ < 

e\v\ 



Cf,9 I \J\^ -"Ji 

U' - d"P ""^#,5,61 |5 _ ^//|2-6 

' ' beG' ' 



\fid'-b)\ 



(82) 



(83) 



Again, by Proposition 18 with a = 2 and J = 2 — ei we conclude that, for any < 62 < 2 — ei, 



\^d',d"ik)\ < 



C 



e\v\ 



Cf,g . ^ ln\d'-d"\ 



- \v\\d' -d"\^-'^-^^' 



Finally, recall from Proposition ll(ii) that {zi^'^dl < 3|(i| and < 3|i;|, observe that 

\d' — d"\ = \d\, and set e = ei + 62- Then, for any < e < 2, 

\^d',d"{k)\ < 1^1 i^i2-ei-62 - — —■ 



\d\ \d\ 



\Zv'4 



Choosing e = 10 ^ we obtain the desired inequality. 



□ 
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C Bounds on the derivatives: proofs 

Proof of Lemma 6. Step . When there is no risk of confusion we shall use the same notation 
to denote an operator or its matrix. Define 

J^BC •■= [f{b - c)]fegs^ceC ' ^BC ■= [g{b - c)]beB,c€C, ^G{k) := [^d',d" i^; G)] ■ 
Here J^bc and Qbc are \B\ x \C\ matrices and ^cik) is a |G| x |G| matrix. First observe that 



b,ceG' 



d'd"eG 



can be written as the product of matrices FoG'^k ^Rg^g'^G'G- Furthermore, since on Lq, we 
have A^^RqIq, = {RG'G"^k)~^ = H^^, we can write ^G{k) as J^gG'H^^Qg'G- Hence, 



Qj^nQj-m^G{k) = TgG' Qf^nQj^m ^G'G- 



(84) 



Step 1 . Let T = T{k) be an invertible matrix. Then applying £7no to the identity 

Ok- 



This is the quantity we want to estimate 
Step 1. Let T = T{k) be an invei 

TT-i = / and using the Leibniz rule for ^^(TT"^) we find that 



dkT° 



mi=0 



Iterating this formula mo — 1 times we obtain 



dkT° 



n E 

j=l mj=0 ^ 

mo-lmj-l-l ^ 

n E ^"^"^ 



()"lmQ rp-1 



j=l mj=0 



l-T-^)^ — 



(85) 



'^rrni — 1 



(-1) 



mo 



-1 mj_i-l 



n E 



rp—l rp~l 



Step 2. In view of (85), it is not difficult to see that g,m is given by a finite linear 



combination of terms of the form 



dkl' 



k ' 



(86) 
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the derivative 



acts either on 



where Y7j=i^j = ^- Thus, when we compute , ^^^^ ^c^ivo-uivc 

^fe"' or However, since {^)^^^ = 2(^2 + b2)6b,c - 2A2{h - c), we have ^^^^ = 

if nj > 1 and ^^n/' = if nj = 0. Similarly, using again (85) one can see that g^j^ 
is given by a finite linear combination of terms of the form (86), with m and k2 replaced by 
n and ki, respectively, and Yl^=i''^j — Therefore, combining all this we conclude that 

Qn+m jj—l 

dk^dk^ given by a finite linear combination of terms of the form 



^k ^G'G' Qj^nj 



(87) 



where X^^L™ nj62,i^ = m and X^^L™ ~ ^^^^ where the sum of nj for which ij = 2 



is equal to m, and the sum of nj for which ij = 1 is equal to n. 

Step 3. The first step in bounding (87) is to estimate ^^ n/ TTg/ 



lation shows that 



A simple calcu- 



5^ 1 



b.c 



Ncik) 



X < 



2{ki^+bi.)6b,c + 2Ai 

2h,c 




c) if rij 



if Uj = 2, 
if nj > 3. 



Furthermore, by Proposition 7, 



1 



< 



\Ni,{k)\ e\v\ 
for all b & G' , while by Proposition 3 we have 



1 



< 



and 



\N,{k)\ - A\v\ 



\ki + bi\ < \ui + bi\ + \vi\ < \v\ + \u + b\< j\Nh{k)\ 



for all beG' iiG = {0, d}, and for all beG'\{b}ifG = {0}. Furthermore, 

|6| < A + \u\ + \v\ < A + 3|f|, 



(88) 



(89) 



since \u\ < 2\v\ because k G Tq. Now, let 1b{x) be the characteristic function of the set B. 
Then, using the above estimates we have 



sup 
ceG' 



b€G' 



b.c 



< sup 



ceG' 



beG' 



2\h^ + h, \l) + 2A 2 , 2\A- (b - c) | 



'"■1,1 
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< sup 
ceG" 



2\ki^+biA+2^ 2\Ai.(b-c) 



mk)\ 



mk)\ 



lG'(b) 



+ sup ^ 



beG'\{b} 



2|A:,, +6,,|+2 2|ii,(6-c)| 



+ 



mk)\ 

2 



[A \Nb{k)\\ 



^ 2|A:,, +m+2 + 2||^||;i ^ 

' ' ^ &6G'\{6} 

< ^(2(k| + \v\ + + 2 + 2||i|bi)lG'(^) + X + + aR"^"^^ 
< -^(12H + 2A + 2 + 2||i|y M^) + 1 + ^ + ^ 



2|i.,(^-c)| 



< 1g'(^)£"'Ca,a + Ca,a. 



Similarly, 



A-l 



ceG' 



6,c 



< lG'(^)e-'CA,^ + CA,A. 



Hence, by Proposition 5, 



< 1g'(^)£"'C'a,.i + Ca,a. 



Step 4 . By a similar (and much simpler) calculation (using Proposition 5) we get 

ll-^GG'|l<ll/lln, 

II^GG'll < Ibllzi, (90) 

IIA-IttgHI < iG'(^) + (1 - iG'W)^- 
Prom Lemma 1 we have ||(-Rg'G')~^II ^ 1^. Thus, the operator norm of (87) is bounded by 



n ^fc^-^G'G' 



<I|A,-^IIII^G'G'I 



n+m 

n 



ll-^G'G' 



which is bounded either by 

n+m 



1 



18 



e\v\ 



n (^"'C'a.a + Ca,a) 18 



<£-("+"^+')CA,A,n,mA 



if G = {0}, or by 



18 



n c'a.a 18 



\\g\\li < CA^A,n,r. 



if G = {0,4- Therefore, 



dkldkf 



< 



E 



finite sum where 
# of terms depend 
on n and m 



91. 

\v\ 



lul ~ \v\ 



(91) 
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with C = Ce,A,A,n,m if G = {0} or C = CA,A,n,m if G = {0, d}. FinaUy, recaUing (84) and (90) 
we have 



Qn+m 



GG' 



fin+m IJ—^ 

^G' 



dk^dk 



G 



< W^GG' 



Qn+mjj-1 



dk'^dkf 



\Qg'g\\ < rr, 
\v\ 



where C = Cs,\,A,n,m,f,g if G = {0} or C = CA^A,n,m,f,g if G = {0, d}. This is the desired 
inequahty. The proof of the lemma is complete. □ 

Proof of Lemma 7. Let IR,+ be the set of non-negative real numbers and let o" be a real-valued 
function on ]R+ such that: 

(i) CT(t) > 1 for all t e R+ with cr(0) = 1; 

(ii) cr{s)a{t) > a{s + t) for all s,t e R+; 

(iii) a increases monotonically. 

For example, for any P > the functions t H> e'^* and t i— )■ (1 + t)^ satisfy these properties. 
Now, let T be a linear operator from to with B,C C F^ (or a matrix T = [T^^c] with 
b & B and c G G) and consider the a-norm 

||r||^ :=max<^supV'|rb,c|<T(|6-c|), sup^\Tb^cW{\b - c\) \ . 

In [13] we prove that this norm has the following properties. 

Proposition 19 (Properties of || • H^)- Let S and T be linear operators from L^ to with 
B,C CF*. Then: 

(a) ||r|| < ||r||<,^i < ||T||^; 

(b) IfB = C, then \\ST\\a < ||5|U||r||^; 

(c) IfB = C, then \\ {I + T)-^ \\„ < (1 - \\T\\„)-^ if \\T\\„ < 1; 

(d) \Ti,^c\ < a{\b-c\) ll^ll^ allbeB and all ceC. 

Now, by using these properties we prove Lemma 7. We follow the same notation as above. 
First observe that, similarly as in the last proof we can write 

^d',d"{k) = J^{d'}G'^k^RG'G'^G'{d"} = J^{d'}G'H^^GG'{d"}- 

Now, let cr(|6|) = (1 + l^l)'', and observe that there is a positive constant G^j such that 
o-(|6|) < G;3(l -I- \bf) for all b G F#. Then, it is easy to see that 



\^{d'}G'\\(T 



.<cpm + mfib)y, 

\QG'{d"}\U = \\9\\a<Cf,\\{l + \bf)g{b)y. 
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Furthermore, by (77) and Proposition 5, 



\R~G^G'\\- = \\iI + TG'G')-% < Yl W^G'gWI < 18, 

j=0 



(92) 



and since for diagonal operators the cr-norm and the operator norm agree, from (90) we have 

2 



IAj^Vg'IIct < 



Hence, in view of Proposition 19(b) and Proposition ll(ii). 



^d',d"{k)\ < \\T^d'}G'\^RG'G'^G'{d"}\\ < C'/3,/,ff,A,A,m,n 



Mr 



and by repeating the proof of Lemma 6 with the operator norm replaced by the cr-norm we 
obtain 



d 



n+m 



dkfdk^ 



\d\' 



Therefore, by Proposition 19(d), for any integers n and m with n + m > 0, 



Qn+m 



^d',d"{k) 



< 



l + \d'- d"\ 
This is the desired inequality. 



Qn+m 



dkidk. 



^d',d"ik) 



,f,g,A,A,m,n 



□ 



Proof of Lemma 8 



Define the operator M^-^^ : L^, -> Lq, as 



S if j = l, 
W if j = 2, 
[Z if j = 3. 



where S, W and Z are given by (64). In order to prove Lemma 8 we first prove the following 
proposition. 

Proposition 20. Assume the same hypotheses of Lemma 8. Then, for any integers n and m 
with n + m>l and for 1 < j < 3, 



< 



C, 



{2\z^,a'{k)\-Ry' 

where Ci = Ci-\^A,n,m o,f^d Cj = Cj-A,A,q,n,m for 2 < J < 3 are constants. Furthermore, 



13 



13 
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Ci;A,A,i,o < -p, C'i;A,A,o,i < -p and Ci.A,A,i,i < -p 
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Proof. Step 0. To simplify the notation write w = w^^d', z = z^^d' and \z\r = 2\z\ — R. First 
observe that, for any analytic function of the form h{k) = h{w{k), z{k)) we have 



—h - (— + — h 
dki V dw dz ' 



—h = i(-lY (—- — ]h 
dk2 V ^'"^ 



Thus, 

Qn+m 



dk-^dkl 



i.'(-wr E E ('")(" ) (-1)--" ^^'"''Ar-MO) 





Q^n-r+m-p Qujr+p « 



< 2"+"* sup sup 

p<r r<n 



Qn—r+m—p Qr+p 



Q^n-r+m-p Qujr+p k 



Now, by the Leibniz rule, 
pin am 



EE 



p=0 r=0 



m\ln\ Qn-r+m-p^-l Qr+p]^{j) 



p J \r J dz'^~'^dw'^~P dz'^dwP 



sup sup 

p<m r<n 



^n— r+m— p/\ — 1 



dz"'-'dw"^-P 



gr+pj^U) 



dz^dwP 



Furthermore, we shall prove below that 



sup sup 

p<m r<n 



pp.—r+m—p /\ ~ 1 



dz'^-'^dw'^-P 



dz'^dwP 



< 



\^\r 



(93) 



with constants Ci,n,m = Ci,n,m;A,A and Cj,„,m = Cj,n,m;A,A,q for 2 < j < 3. Hence, 



Therefore, being careful with the indices, 

Qn+m 



.nai,m k 



dk'ldkl 



sup sup 

p<.m r<n 



pn-r+m-p+r+p Cj,n-r+m-p,r+p ^ Cj 
n~r+m-p+j — i ij 



where Ci = Ci 

■,A,A,n,m and Cj — Cj-/^^A.q.n,m fo^ 2 < J < 3. This is the desired inequality. Wc 
are left to prove (93) and estimate the constants Ci.A,A,i,j for i,j G {0, 1} to finish the proof 
of the proposition. 



Step 1 . The first step for obtaining (93) is to estimate 



dz^dvjP 



b.c 



dz^dwP 

i-l)Pp\ 



QP 



Observe that 



dwP w - 2ie^' (6 - d') dz^ z - 2ie^{b - d') 
{-irr\Sb,c 



{w - 2ie^f{h - d'))P+^ {z - 2ie^,{h - d')Y+^ 



< 



\w - 2ie^>{b - d')\P+^\z - 2ie^(6 - d')\^+^ ' 
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and recall from (58) and (59) that, for all 6 G G3, 



< 



\z-2ie^{b-d')\ - \z\r 



Then, 



and consequently. 



sup 



sup 



3ceG^ 



ceG 



3 b&G' 



Therefore, by Proposition 5, 



dz^dwP 



and 



1 



(94) 



b,c 



< 



b.c 



< 



p\ r! 2''+2 
AP+i|z|^+^' 



sup 



66G; 



3 csg; 



ceG: 



3 6eG' 



< 



r! 2'"+2 1 



ir+l ■ 



(95) 



Step 2. We now estimate the second factor in (93). Let us first consider the case j = 1, 
that is, M^^) = S. Since S = {I — ^33)"^, the operator S is clearly invertible. Thus, by 
applying (85) with T = S~^, one can see that |^ is given by a finite linear combination of 
terms of the form 



Us 



d'^JS- 



(96) 



where Yl^=i = P- Hence, when we compute ^f^, the derivative ^ acts either on S or 
^dSi ^ • Similarly, using again (85) with T = S~^, one can see that |^ is given by a finite 
linear combination of terms of the form (96), with p and w replaced by r and z, respectively, 



and 



j=i 



m 



r. Thus, we conclude that q^^q^p is given by a finite linear combination of 



terms of the form 



r+p 



-1 



(97) 



where X^^l^ Tfrij = r and X^^l^ Uj = p. Indeed, observe that the general form of the terms 
(97) follows directly from (85) because that identity is also valid for mixed derivatives. 
Since S = {I - ^33)"^ with ||y33|| < 1/14 and 



we have 



-2ie^>{A{b- c))z 



{w - 2ie^>{c - d')){z - 2ie^{c - d')) ' 



33 J 



1 14 

< 7. T7 < — 

- 1- Y33 - 13 



(98) 
(99) 
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and 



b.c 



Qj+l 



di -2ie^>{A{h-c))z 



1 



dz^ z - 2i9i^{c -d') dw^ w - 2i9i^: (c-d') 



Furthermore, 

-2ie^,{A{b-c))z _ {-iy-^ji2ief,,{A{b - c))2ie^{c - d') 



dzo z-2i9f,{c-d') 
1 



{z-2ie^{c-d')y+^ 

(-1)'/! 



dw^ w - 2x9 (c-d') {w- 2i9^> (c - d')y+^ 
Recall from (59) and (61) that, for all c G G', 

\c-d'\ . \c-d'\ 



for j > 1, 
for I > 0. 



< 



\w -2i9f,'{c- d')\ - \c-d'\-e 
Then, using this and (94), for j > 1 and I > 0, 

j\i[\A{b-c)\ 



< 2. 



\ dz^dw^ 



b,c 



< 



< 



\c-d'\ 



\z - 2i9^{c - d')\o+'^\w - 2i9^>{c - d')Y \w - 2i9^'{c - d')\ 



while for j = and ^ > 0, 



\dzWw'' 
Consequently, 



b.c 



< 



n\A{b-c)\ \z\ 



< 



2n\A{b-c) 



\z - 2i9^{c - d')\ \w - 2i9^'{c - d')\^+^ " A^+i 



sup J2 + E 

^^^3 ceG's "^'^3 beG'^ 



V dz^dw'- 



b.c 



< ( 1 - 6oj + ^(^oj 



Ai\z\'+^ 



\R 



< ( 1 - So,j + ^6o„ 



\r 



sup E + E 



\A{b-c) 



Therefore, by Proposition (5) 

Qj+l 



dz^dw^ 



Ai\z\^' 



(100) 



(101) 



(102) 



(103) 
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Thus, for r > 1, in view of (97) where Yl^j=i'>T^j = 



gr+p 



dz'^dwP 



S 



< a 



r,p 



r+p 

n ii^ii 



gmj+Tij 



\\s\\ 



_j=l 



r+p 



since rrij > 1 for at least one 1 < j < r + p. Similarly, if r = then 



gr+p 



dz^dwP 



S 



^ CA^A,r,p- 



Hence, in view of (95), 



\R 



sup sup 

p<m r<n 



Qn—r+m—p^—1 



gr+PMW 



(m-p)!(n-r)!2"-''+2 „i„ , \z\r , 

^ sup sup .n-r+l CA,A,r,p\\A\\ii I 1 - So,r + — r-^O,, 

p<m r<n \Z\j3 \ •^■'i 



— CA,A,n,m . ■ 



\R 



\r+l 
\R 



This proves (93) for j = 1. 

Step 3. We now estimate the constant Ci-\^A,i,j for i,j G {0, 1}. First observe that 



dw 



dkj 



\S,,j + i{-irS2,j\ 



and 



dz 



|5l,,-^(-l)^<^2,,| = l. 



Thus, in view of (99) and (103), since \z\ >\v\> R> 2A, 

dw dS-^ dz dS-^ 



dS 








-< 








dkj 









dkj dw dkj dz 



-1 



dw 



<l|5f + 
- A2 



dS 



-1 



dz 



< 



- + - 



\R 



Similarly, 
d'^S 



dkidki 



dS / dw dS-^ dz dS'^ ^ ^ 
dki \dkj dw dkj dz 



( dw dS-^ dz dS-^\ dS 
+ 



\dkj dw dkj dz J dki 



-S 



dw fdw d'^S-^ dz d'^S-^ \ dz /dw d'^S^^ dz d'^S-^ ^ 
dkj \dki dw"^ dki dzdw J dkj \dki dwdz dki dz"^ 



S, 
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so that, using the above inequality as well, 





<ns\\ 


as 


( 




+ 




dkidkj 


dki 




dw 


dz 



+ \\s\\'' 



,2 c-1 



+ 2 



,2 c-1 



^^3 18P|bi 8\\Ay , f3 
- 2 A2 A2 +I2 



dzdw 

2 









+ 




) 



2^^||A|bi 2^^ 2^^ 

~r » I lO ~r I iQ 



A3 



A|zi2 



<432 . 2 ,54 . 55||i|bi / 8||i|bi \ 



\R 



Furthermore, by (95), 



and 



dk-j 



< 



dw 



+ 



dz 



22 2^ 



A2|z|ii A\z\l - A^\z\r 



5^A- 








5^A- 






dkidkj 


< 


dw^ 


+ 2 


dzdw 


+ 





< 



23 



+ 



24 



+ 



26 



< 



5-23 1 



A3|z|h A2|z|| A|z|3j A3 \z\r 



Hence, since \\A\\i^ < 2£/63 and e < A/6, 

d 



and 



< 



dk-j 



11^11 + IIA^^I 



dS 



dk-j 



8 3 2 18P||;i 13 1 
- A2^ 2 + AM^ A2 - A2 ^ 



92 



< 



dkidkj~^ 



dkidkj 



\\S\\ + 



dkj 



dS 



dki 



+ 



dki 



dS 



dkj 



+ I|A,-^| 



d^s 



dkidkj 



1 /5-23 3 8 18||i||;i 2 55||i|bi / 8||i|bi x\ ^ 65 J_ 
A3 2^ A2 A2 ^A A3 V A ^ J \z\r 



Therefore, 



13 13 65 

Cl;A,A,lfl < -p, C'l;A,A,0,l < and Ci;A,A,l,l < -p; 



as was to be shown. 
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Step 4. To prove (93) for j = 2 we need to bound 
(64) that 

oo oo j 

= E = E E (^33)"*-^X33(l33> 

j=l j=l m=l 

where Yb^c is given above by (98) and IIX33II < C/\z\ < 1/3 with 



. Recah from 



First observe that 



(c - d') ■ A{b - c) - q{b - c) - 2ie^{A{b - c)) w 
{w - 2ie^,{c - d')){z - 2ie^{c - d')) ■ 

gr+p 



j-m 



dz^wP 

is given by a sum of j^+p terms of the form 

where there are j factors ordered as in the product (^3)™~^^33(l33)-^~™. Furthermore, for 
each term in the sum we have Ylii=i h=f and Ylil=i = P- Thus, 



Qr+p 



dz^wP 



w 



(104) 



00^ j y+p 
^ ^ dz'wP 

j=l m=l 
°° ^ Qr+p 



SEE 

j=l m=l 



dz^wP 

j 

s 

I 



{Yssr-'Xs^{Yssy-"' 

(y33)'"-'^33(l33)^-™ 



<E/^'E«^p 

j=l m=l ^ 

00 j 



j=l m=l 









"^T33 






















dz^^dw"^^ II 









(105) 



where 

X := < (J,i,ni) 



k < r and rii < p for 1 < i < j with k = r and = p > . (106) 



i=l 



i=l 



Note, we can differentiate the series (104) term-by-term because the sum YlJLi converges 
uniformly and the sum Ylm=i finite. We next estimate the factors in (105). 
Combining (101) and (102) we have 



gk+ni 



dz^i dw'"- 



< [1-5^1. + ^(5o \A{b - c) 

- \ 2A ' 7 Kni\y\h+^ ' ^ ' 



(107) 



\R 
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Furthermore, using (94) and (100), 



1 



0"^ (c - d!) ■ A{h - c) - q{h - c) - 2ie^{A{h - c)) 



w 



dz^i z - 2ie^{c - d') dw^'i w - 2i(9^/(c - d') 

(-1)'^ k\ i-ir^ ml {2e^{A{b - c)) 20^,{c - d') - (c - d') • 1(6 - c) - q{h - c)) 



< 



[z - 2ie^{c - d')Yi+^{w - 2iB^:{c - d'))''*+^ 
U\n,\{2\A{b-c)\\c-d'\ + \q{h-c)\) 



< 



\z - 2ie^{c - d')\^^+^w - 2ie^,{c - d')|"'+i 
2^^+Hi\ ml 2\A{b -c)\\c- d'\ + \q{b - c)| 



\w-2ie^r{c-d')\ 



Hence, 



sup ^ + sup ^ 



Qk+ni 



2A 



< ( 1 - 5o,/i + ^^^M 



sup ^ + sup 5] 
3 ceG^ ^=^^3 6eG^ 



feeG 



|i(6-c)| 



and similarly 



sup y: +i^v E 



Qk+ni 



dz^^dw'^ 



'^^+%\n^ ( , \\q\\i^ 



R 



Thus, by Proposition (5), since \z\ >\v\>R> 2A, 



-Y33 



2A 



,1 1 \ 2'^+3Zi!ni!„ .„ 2''+3/i!ni!„ .„ 

< I ^ + — '—r^\\A\\ll < ''\\A\\ll 



2Ay A' 



\R 



\R 



and 



5- 



ik+n-i 



dz^idw^' 



■X33 



< 



h.^i\z 



\r 



2A + 



A 



1 2^i+Hi\ni\ 



2\\A\\ii ) \z\r A"i+i|z|'^ 



/I- 



(108) 



(109) 



(110) 
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Applying these estimates to (105) and recalling that Yli=i h = f and Yli=i rii = p we have 

Qr+p 



dz^wP 



W 



j=l m=l ^ 



1 ,f^t^^Mu. 



j=l m=l 



2\\A\\ii J \z\RfJi A"'+i|z|^ 



2A + 



2||i||^i; \z\rAp\z[^^^^ 



■+P 



8\\A\ 



- sup my n™-' El 



=1 m=l J m=l 



+1- 

R 



This is the inequality we needed to prove (93) for j = 2. In fact, using (95) we obtain 



sup sup 

p<m r<n 



Qn—r+m—p^—1 



dz'^-^'Ow'^-P 



dz^dwP 



- T — A^-p+ibr--+^ — 

p<mr<n \^\r 



\r+l 



\R 



1 



— CA,A,q,m,n , ,n+2- 



\R 



Step 5 . To prove (93) for j = 3 we need to estimate 













dz^dwP 



, where 



First observe that 



^ = E = E(^33 + 133)^' - Wj - Yi,. 
3=2 3=2 



ff+P r)r+p 

= -^^iiX33 + ^33)^' - - Yl) 



dz^dvjP dz'^'dwP 
is given by a sum of (2-^ — j — 1) • terms of the form 



dz^^dw'^^ dz^'^dw^' 



j factors 



(111) 



where there are j—2 factors involving X33 or 133 and two factors containing X33. Furthermore, 
for each term in the sum we have Yli=i h = f and Yli=i '^i = P- Thus, 



ar+p 

dz'-dwP ^ 



<(2^-j-l)/+Psup 
I 



where the set X is given above by (106). Now observe that, the estimate for the derivatives 
of X33 in (110) is better then the estimate for the derivatives of 133 in (109) because the 
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former has an extra factor Cf^^A,q/\z\R < 1- Since the product (111) has at least two factors 
containing X33, we can estimate any of these products by considering the worst case. This 
happens when there are exactly two factors involving X33. Hence, by proceeding in this way, 
for each j > 2 we have 



QT+p 
^ i 

dz^dvjP 



< (2^' f+P sup < 



< 2^f+P 2A + 



2A + 



2\\A\ 



1 2W\p\ 



1 Jt 2''+3/i!ni!„ 



\A 



1 

21 



A 



since \\A\\ii < 2e/6S and e < A/6. Thus, 



QT+p 



■z 



dz'dw'P 
Therefore, recalling (95), 



i=2 



sup sup 

p<m r<n 



•n—r+m- 



-PA: 



dz'^-'^dw'^-P 



Qr+p 

Zi 

dz'-dwP ^ 



Qr+PM{3) 



\r+2 •■ 

\r 



r" °° / o \ J 

^^E/-(|) <- 



1,r,P 



\r+2 

\r 



dz^dwP 



(m-p)!(n-r)! 2—^+2 C; ^,^,,,^ 

< sup sup ; xi 

— \m-p+l\^\n-r+l 



\r+2 
IR 



— CA,A,q,m,n . |„+3- 



IR 

This is the desired inequality for j = 3. The proof of the proposition is complete. □ 
We can now prove Lemma 8. We first prove it for 1 < j < 2 and then for j = 3 separately. 
Proof of Lemma 8 for 1 < j < 2. Define the \B\ x |C| matrices 

J'bc ■■= [f{b - c)],,^B,ceC and Gbc ■= [9{b - c)]b^b,cec, 

and write w = z = Zn^d' \z\r = ^\^\ ~ First observe that, for 1 < i < 2, the 

functions 



f{d' -h)Mlllg{c-d' 



„ {w - 2ie^>{b - d')){z - 2i9f,{b - d')) 



d'eG 



are the diagonal entries of the matrix FoG'^^k ^^^^ Sg[G- Thus, similarly as in the proof of 
Lemma 6, by Proposition 20, for 1 < < 2, 



^^a(^) (k) 



Qn gn 



n aum k 



dk-^ dk^ 



II^g;gI 



< 



\R 
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where Ci = Ci;A,A,n,m,/,g and C2 = C2-K,A,q,n,mj,g are constants. Furthermore, 

13 „ „ „ , 13 

A2 
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and Ci;A,A,i,i,/,9 < ^3 
This proves the lemma for 1 < j < 2. 
Proof of Lemma 8 for j = 3. We need to estimate 



Cl;A,A,0,l,/,S ^ T^ll/ll/i 11511^1 



□ 



d 



in+m 



where 7?.i , . . . , 7?.4 are given by (46), (47), (75) and (67), respectively. 

Step 1. We begin with the terms involving TZi and TZ2, which are easier. We follow 
the same notation as above. First observe that, similarly as in the proof of Lemma 6, since 
A'^^RqIq, = H^^ on Lq,, we have 



(3) 



d 



Qn+m 



dk^dk^ 

Qn+m 



dk'ldkl 



Tliik) 

n2{k) 



■^{d'}G{ Q^nQ^m ^G'^{d'} 
■^{d'}G'^ dl^ngi^m ^G'{d'} 









< 


ll-^{d'}G'JI 


dk'ldkf 








< 


l-^K}G^II 


dk^dkf 



\\QG'^{d'}\l 
II^G'{d'}ll- 



Furthermore, we have already proved that ||^{d'}G"J| < ll/lbi and ||^G'{d'}ll ^ llfflb^ (see (90) 
and (91)), and since \z\ < 3|w|, by Proposition 11, 



Now recall that G'^ = {heG' \ \h- d'\ > IR}. Then, 

\d' - c\ 



sup l/(&-c)|<supL--^|/(d'-c)|<||6V(6)|bisup— -^<-^ 



1 



'2 66^1 ceGU^'-c|' c6gU^' 

Hence, by Proposition (5), 

ll-^K}G^II<16||6V(^')lbi;^ 

Similarly, 

||aGiK}||<16||6V(6)lbi;^. 
Therefore, combining all this, for 1 < _7 < 2 we obtain 

Qn+m 



dk^dkl 



TZjik) 



^ — (n+m+l)/^ 
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Step 2. Recall from (67) the expression for TZ^. Then, similarly as above, by applying 
Proposition 20 for j = 3 we find that 



in+m 



dk^dk. 



n^ik) 



< \\J^{d'}G[ I 



Qn+m 



dk'^dk^ ^ 



II^G'iK}!! ^ ll/lbi||5lbiC'A,A,?,n,r; 



13 • 



Step 3. To bound the derivatives of 7^3 (which is given by (75)) we need a few more 
estimates. Recall from (70) that = Trc^Tg^/TTG^. First observe that 



gr+p 



^ \—lrpmrp yT^(j-m— 1) " A-J-^ rprrlrp rpJ-HL 

is given by a sum of (j + 2)''+*' terms of the form 



Qr+p 



33 



dU^dki^' ""^'^ dk[^dk^'' 



Qlm+2+nm+2X^^ Qi„+3 +n™+3 J^^,^, +"3+2 Jj^,^, 



dU{'+'' dk';'^+'' dk'^+^'dk™ dk'l+'dk'^' 
Moreover, for each term in the sum we have Y^^Zi k = f and Yji=i "^i = P- Thus, 



< {j + 2Y+Psup 

X' 



dk^^dk'^^ 



^G' 



(112) 



where the set X' is given by (106) with j replaced by j + 2 and 

Afc ^^G'l for i = 1, 

T33 for 2 < i < m + 1, 

r34 for i = m + 2, 

Tqiqi for m + 3 < i < j + 2. 



(113) 



Step 3a. The first step in bounding (112) is to estimate 



same argument that we have used in the proof of Lemma 6 to bound 
view of (85) one can see that 



. We follow the 
. In fact, in 



dPA 



-1 



814 



E 



finite sum 
where # of terms 
depend on p 



~dk^ 



A 



k ' 



(114) 



where Ylj=i''^j — P- Hence, when we compute ^ q^^p , the derivative acts either on 



A. ^ or However, since ( ) = 2{k2 + C2)5b,c, we have 



\ dk2 



b,c 



tttAi. = if no > 1 and 



Afc = ^A/j if rij = 0. Similarly, using again (85) one can see that Qj^r is given by 
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a finite sum as in (114), with p and /c2 replaced by r and ki, respectively, and Yl^j=i ''^j 
Thus, combining all this we conclude that 



E 



finite sum where 
# of terms depend 
on r and p 



r+p 



where 5^^=i 'T'j<^2,ij = P and 5^^=i %<^i,ij = ^- If we observe that 



256,c if rij = 2, 

if rij > 3, 



(115) 



and extract the "leading term" from the summation in (115), in a sense that will be clear 
below, we can rewrite (115) in terms of matrix elements as 



gr+p I 



{-lY+P{r+p)\ 



dk[dk'2 Nc{k) 



Nc{k) 
+ 



2{ki + ci] 



Ncik) 



2(fc2 + C2) 

L N,{k) 



E 



finite sum where 
# of terms depend 
on r and p 



(2(fci+Ci))"^(2(fc2+C2))^^- 

Nc{ky+P+^ 



where aj + /3j < r + p for every j in the summation. Recall from (88) and (89) that, for all 
cgG'\{c}, 



\ki + Ci\ 2 17 

< ^ < :^ < :^ and 



\Ncik)\ - A Se 2e 



|iVa(^)| ~ el-yl " 2£' 



Hence, 



Qr+P I 



dkldkl Ncik) 



< 



< 



{r + p)] f7y+P 



\Ncik)\ \e 



(r + p)! f 7 



+ 



E 



finite sum where 
# of terms depend 
on r and p 



|iVc(fc)P 



\Ncik)\ \e 



r+p 



1 



\Nc{k)\ 



2 ■ 



Thus, by Proposition 5, since \Nc{k)\ > £\v\ > £|z|/3 for all c G G', we have 



(116) 



(117) 



Now, let pi = pi;s,r,p be the constant 



7'-+P(r+j))! 3 C,,,,p 

- er+p+l Ul + U|2 • 



P«i+rai+l/^ , 

Pi;e,r,p := max 
ni<p 



(118) 
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where Ce^i^^m is the constant in (118). Then, for \z\ > pi and for any li < r and any ni < p, 
7'i+'"i(/i + ni)! 3 7^i+"i(«i +ni)! 4 



< 



-h+ni+l 



+ 



(/i + ni)! 



r7\ n+ni+l 



\z\ 

(119) 

This is the first inequahty we need to bound (112). We next estimate the other factors in 
that expression. 

Step 3b . Recall from (53) that 

Tb,c = tf47t(2(c + k) ■ A{h - c) - q{h - c)). 



Nc{k) 



By direct calculation we have 



gr-l+p 



+ r 



{2{c + k)-A{b-c)-q{b-c)) 



dk\-^dkl Nc{k) 



2Aj{b-c) +p 



dk[dkP-^ Nc{k) 



2i,(6-c) 



Hence, using (116) and (117), since |iVc(A;)| > e\v\ > e\z\/2 for all c e G' and \v\ > 1, 



dkldkl 



<\{r+p)\[-T\^\ (-\A{h-c)\ + 



£ I 



£\V\ 



|g(5-c)|\ C,, 



£\V\ 



+ r£iIiP|A(6-c) 



< {r + p)\ 



r+p+l 



\A{h-c)\ + ^{\A{h-c)\ + \q{b-c)\). 



Therefore, by Proposition 5, 



dkldkl 



< e 



r,p-i 



where 



&r,p-= {r+py. 



r+p+l 



+ Ce,A,q. 



(120) 
(121) 
(122) 



This is the second estimate we need to bound (112). We next derive one more inequality. 
Step 3c. Set 



dkldkl ■ 



We first prove that, for any B,C C G', 



sup^ \Ql'^\ < ^1r,p and sup ^ IQl'^^J - ^r,p, 



cec 



beB 



where 



r+p+l 



{l + bMmi^+Ce,A,,,r,p, 



(123) 
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In fact, in view of (120) we have 

supj](l + |6-c|2) 



sup 
b&B 



cec 



beB 



cec 



<sup^(l + |6-c|2) 
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X 



{r +py. 

< (r+py. 



-j \A{h-c)\ + ^{\A{h-c)\ + \q{h-c)\) 



r+p+l 



r 

) ■■ ■ ■'' \z\ 

and similarly we estimate ^^Vc&cTlih^B IQfe'cl- observe that, as in (78), for any integer 

m > and for any Co, 6, • • • , Cm+2 e r#, let 6 = and c = ^^+2- Then, 

m+2 



|6 - c|2 < 2(m + 2) le^-i - ii 



To simplify the notation write 9'''"' = ^j'"*""^. , and reeall from (113) and (123) the definition 

of T(j-) and rir,p- Hence, similarly as in the proof of Proposition 17, since |fe — c| > i?/4 for all 
h G G\ and c G G4, 



sup ^ 



n ^'^'"^^w 

^1=2 , 



b.c 



< sup 

ceG' 



t 1 + 16 — cr 
1 ' I I "^^iceGi 



sup ^ (1 + |5 — c|' 



/m+2 ^ 

n 

^1=2 / 



6,c 



1+16^ "eGl^^gg, I 
X ^ (1 + - 6P) Is'^-'^^T^i.^l • • • E (1 + iWi - c|') |5'-+^'"-+^35^+i,c 

^TT^ E + 5^-"^r,,^J sup ^ (1 + 16-61^) 



1 + 1^^' al^: 



X sup ^ ^ (1 + lU+i - cp) S^^+^.'^^+^Te 
2(m + 2) 



3€2eG^ 

m+1 )C 



sup E i«feri-- -p„, E i<?tr;r=i ^ n 

^+16^ bsGi^^gg, WieG^ceG^ i=2 

and similarly 

2(m + 1) 



m+2 



sup ^ 



/m+2 



b.c 



< 



16"- i=2 



Therefore, by Proposition 5, 



m+2 



i=2 dk{dk2' 



2(m + 2) y^^ 

-^^16-" i=2 
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We have all we need to bound (112). 

Step 3d. Prom (121) and (119) it follows that 



and 



Thus, recalling (112) we get 



m+3 OK^OK2 



i+2 

< n 

i=m+3 



< (r + p)! 



r+p+l 



^^^^ A-^^ rpmrp xir(i-rra-l) 



< {j + 2Y+Psup 

T 



< {j + 2y+p sup 



J_2(rn + 2) 

\Z\ l + ^i?2^^+^^- 



r+p+l 



■m+2 



j=2 



< {j + 2)'-+f (m + 2) ^ sup I {h + ni)! 0) 



/i+m+l 



■m+2 



J+2 

n 

i=m+3 

i+2 



n ^^^.^ 



i=m+3 



where C is an universal constant. Now, recall the definition of 0^,^ and il^.p in (122) and 
(123), observe that < ||(1 + ^'^)^|bi, and let p2 = P2;s,A,q,r,p be a sufficiently large 

constant such that, for \z\ > p2 and for any k < r and any nj < p, 



k+rii+l 



11(1 + 62)1(6)11,,. 



Then, 



d^~^^ /.-I rpmrr, -.jrAj-m-l) 



h+nx+l 



< {j + 2y+P{m + 2)^ sup |(Zi + m)! 

< (i + 2r^^^^|-tJ^(2||(l + 6V(?')lbiy+^ P'^' 



\z\R^ 



sup 



■m+2 1 j+2 

n n r 

. j=2 J i=m+3 / 



(since Ei=i ^^ = r, Ei=i «i = P and Hj+i' {k + n^)! < (r + p)!) 



< C(r +]?)! ( - 



r+p+l 



14, 



(m + 2)(j + 2)'-+^' ( -11(1 + b')Aib)y J 



1 



< 



a 



e,r,p 



(m + 2)(j + 2) 



r+p I _ 



i+1 



since ||(1 + b'^)A{b)\\ii < 2e/6S. This establishes a bound for (112). 
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Step 4. We now apply the last inequality for deriving an estimate for the derivatives of 
Tlz and complete the proof of the lemma for j = 3. Recall from (76) that 



43 



Then, 



i-1 



m=0 



gr+p 



m=0 ^ ^ 



m=0 ' ' \ / I I \ / 



a 



e,r,p 



Thus, since G[ C G3, 



00 

£E 



where C is an universal constant. Therefore, 

Qr+p 



dkldkl 



Qr+p 



00 




A.-^E^S^ 









< \\J^{d'}G[ I 



Qr+p 



\OG[{d'}\ 



<cc,,rJfM9h- 



Finally, combining all the estimates we have 



in+m 



QUA 



dk-^dkl 



-n,{k) 



^E 

„ C C 4C 
< + ^ < 



\z\E? \z\ 



R 



IS a constant. Set P£,yl,g,m,n := '^^{pl;e,m,n, P2;s,A,q,m,n}- The 

proof of the lemma for j = 3 is complete. □ 



where C = Ce,A,A,q,f,g,m,n 
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